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Preface 


The principal type of question asked in mathematics is, “Is state- 
ment S true?” where the statement S is of the form “Every member 
of the class A is a member of the class B: A C B.” To demonstrate 
that such a statement is true means to formulate a proof of the inclu- 
sion A C B. To demonstrate that such a statement is false means to 
find a member of A that is not a member of B, in other words a coun- 
terexample. To illustrate, if the statement S is “Every continuous 
function is somewhere differentiable,’ then the sets A and B consist 
of all continuous functions and all functions that are somewhere dif- 
ferentiable, respectively; Weierstrass’s celebrated example of a func-. 
tion f that is continuous but nowhere differentiable (cf. Example 8, 
Chapter 3) is a counterexample to the inclusion A C B, since f is a 
member of A that is not a member of B. At the risk of oversimplifica- 
tion, we might say that (aside from definitions, statements, and hard 
work) mathematics consists of two classes—proofs and counter- 
examples, and that mathematical discovery is directed toward two 
major goals—the formulation of proofs and the construction of coun- 
terexamples. Most mathematical books concentrate on the first class, 
the body of proofs of true statements. In the present volume we ad- 
dress ourselves to the second class of mathematical objects, the coun- 
terexamples for false statements. 

Generally speaking, examples in mathematics are of two types, il- 
lustrative examples and counterexamples, that is, examples to show 
why something makes sense and examples to show why something 
does not make sense. It might be claimed that any example is a coun- 
terexample to something, namely, the statement that such an example 
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is impossible. We do not wish to grant such universal interpretation to 
the term counterexample, but we do suggest that its meaning be suffi- 
ciently broad to include any example whose role is not that of il- 
lustrating a true theorem. For instance, a polynomial as an example 
of a continuous function is not a counterexample, but a polynomial as 
an example of a function that fails to be bounded or of a function that 
fails to be periodic 7s a counterexample. Similarly, the class of all 
monotonic functions on a bounded closed interval as a class of in- 
tegrable functions is not a counterexample, but this same class as an 
example of a function space that is not a vector space 7s a counter- 
example. 

The audience for whom this book is intended is broad and varied. 
Much of the material is suitable for students who have not yet coin- 
pleted a first course in calculus, and for teachers who may wish to 
make use of examples to show to what extent things may ‘‘go wrong’”’ 
in calculus. More advanced students of analysis will discover nuances 
that are usually by-passed in standard courses. Graduate students 
preparing for their degree examinations will be able to add to their 
store of important examples delimiting the range of the theorems they 
have learned. We hope that even mature experts will find some of the 
reading new and worthwhile. 

The counterexamples presented herein are limited almost entirely 
to the part of analysis known as “‘real variables,” starting at the level 
of calculus, although a few examples from metric and topological 
spaces, and some using complex numbers, are included. We make no 
claim to completeness. Indeed, it is likely that many readers will find 
some of their favorite examples missing from this collection, which 
we confess 1s made up of our favorites. Some omissions are deliberate, 
either because of space or because of favoritism. Other omissions will 
undoubtedly be deeply regretted when they are called to our atten- 
tion. 

This book is meant primarily for browsing, although it should be a 
useful supplement to several types of standard courses. If a reader 
finds parts hard going, he should skip around and pick up something 
new and stimulating elsewhere in the book. An attempt has been 
made to grade the contents according to difficulty or sophistication 
within the following general categories: (i) the chapters, (ii) the topics 
within chapters, and (iii) the examples within topics. Some knowledge 
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of related material is assumed on the part of the reader, and therefore 
only a minimum of exposition is provided. Each chapter is begun 
with an introduction that fixes notation, terminology, and definitions, 
and gives statements of some of the more important relevant theo- 
rems. A substantial bibliography is included in the back of the book, 
and frequent reference is made to the articles and books listed there. 
These references are designed both to guide the reader in finding 
further information on various subjects, and to give proper credits 
and source citations. If due recognition for the authorship of any 
counterexample is lacking, we extend our apology. Any such omission 
is unintentional. 

Finally, we hope that the readers of this book will find both enjoy- 
ment and stimulation from this collection, as we have. It has been our 
experience that a mathematical question resolved by a counterex- 
ample has the pungency of good drama. Many of the most elegant 
and artistic contributions to mathematics belong to this genre. 


B.R.G. 


Irvine, California 


J.M.H.O. 
Carbondale, [tlinots 
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Part I. Functions of a Real Variable 


1. The Real Number System 


Introduction 
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. An infinite field that cannot be ordered 

. A field that is an ordered field in two distinct ways 
. An ordered field that is not complete 

. A non-Archimedean ordered field 

. An ordered field that cannot be completed 


An ordered field where the rational numbers are not dense 


. An ordered field that is Cauchy-complete but not complete 
. An integral domain without unique factorization 

. Two numbers without a greatest common divisor 

. A fraction that cannot be reduced to lowest terms uniquely 
- Functions continuous on a closed interval and failing to 


have familiar properties in case the number system is not 

complete 

a. A function continuous on a closed interval and not 
bounded there (and therefore, since the interval is 
bounded, not uniformly continuous there) 

b. A function continuous and bounded on a closed interval 
but not uniformly continuous there 

e. A function uniformly continuous (and _ therefore 
bounded) on a closed interval and not possessing a maxi- 
mum value there 
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d. A function continuous on a closed interval and failing to 
have the intermediate value property 

e. A nonconstant differentiable function whose derivative 
vanishes identically over a closed interval 

f. A differentiable function for which Rolle’s theorem (and 
therefore the law of the mean) fails 

g. A monotonic uniformly continuous nonconstant function 
having the intermediate value property, and whose de- 
rivative is identically 0 on an interval 


2. Functions and Limits 


Introduction 


1. 


2. 
de 


A nowhere continuous function whose absolute value is 
everywhere continuous 

A function continuous at one point only (cf. Example 22) 
For an arbitrary noncompact set, a continuous and un- 
bounded function having the set as domain 


. For an arbitrary noncompact set, an unbounded and locally 


bounded function having the set as domain 


. A function that is everywhere finite and everywhere locally 


unbounded 


. For an arbitrary noncompact set, a continuous and bounded 


function having the set as domain and assuming no extreme 
values 


. A bounded function having no relative extrema on a com- 


pact domain 


. A bounded function that is nowhere semicontinuous 
. A nonconstant periodic function without a smallest positive 


period 


. An irrational function 
. A transcendental function 
. Functions y = f(u), wE€R, and u = g(x), «ER, whose 


composite function y = f(g(z)) is everywhere continuous, 
and such that 


lim f(u) =c, limg(t) =), limf(g(x2)) ¥e 
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13. 


14. 


15. 


16. 


1%. 


18. 


19. 


27. 


Two uniformly continuous functions whose product is not 
uniformly continuous 


A function continuous and one-to-one on an interval and 
whose inverse is not continuous 

A function continuous at every irrational point and discon- 
tinuous at every rational point 

A semicontinuous function with a dense set of points of dis- 
continuity 

A function with a dense set of points of discontinuity every 
one of which is removable 

A monotonic function whose points of discontinuity form an 
arbitrary countable (possibly dense) set 

A function with a dense set of points of continuity, and a 
dense set of points of discontinuity no one of which is re- 
movable 


. A one-to-one correspondence between two intervals that is 


nowhere monotonic 


. A continuous function that is nowhere monotonic 
. A function whose points of discontinuity form an arbitrary 


given closed set 


. A function whose points of discontinuity form an arbitrary 


given F, set (cf. Example 8, Chapter 4, and Examples 8, 10, 
and 22, Chapter 8) 


. A function that is not the limit of any sequence of continu- 


ous functions (cf. Example 10, Chapter 4) 


. A function with domain (0, 1] whose range for every nonde- 


generate subinterval of [0, 1] is (0, 1] (cf. Example 27, Chap- 
ter 8) 


. A discontinuous linear function 


For each n € I, n(2n + 1) functions ¢,;(z;), j =1, 2,---, 
n,t=1,2,---, 2n +1, satisfying: 
(a) All ¢,;(z;) are continuous on (0, 1] 


(b) For any function f(21, 2, -- -, 2s) continuous for0 S 2), 
22,°°*, 2%, = 1, there are 2n + 1 functions y,, 7 = 1, 
2,-°:,2n + 1, each continuous on &, such that 


2n+1 n 
F(a, t2)°-- tm) = DS 202 1;(x;) 


t=] jel 
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3. Differentiation 
Introduction 


1. 


2. 


3. 


12. 


A function that is not a derivative 

A differentiable function with a discontinuous derivative 
A discontinuous function having everywhere a derivative 
(not necessarily finite) 


. A differentiable function having an extreme value at a point 


where the derivative does not make a simple change in sign 
A differentiable function whose derivative is positive at a 
point but which is not monotonic in any neighborhood of 
the point 

A function whose derivative is finite but unbounded on a 
closed interval 


. A function whose derivative exists and is bounded but pos- 


sesses no (absolute) extreme values on a closed interval 
A function that is everywhere continuous and nowhere dif- 
ferentiable 


. A differentiable function for which the law of the mean fails 
. An infinitely differentiable function of z that is positive for 


positive x and vanishes for negative x 


. An infinitely differentiable function that is positive in the 


unit interval and vanishes outside 
An infinitely differentiable ‘‘bridging function,” equal to 1 


_ on{l, +), equal to 0 on (— ©, O], and strictly monotonic 


13. 


on (0, 1] 
An infinitely differentiable monotonic function f such that 


lim f(z) = 0, lim f’(z) #0 
%—>-+<o z—> +2 


4. Riemann Integration 
Introduction 


1. 


2. 
3. 


A function defined and bounded on a closed interval but not 
Riemann-integrable there 

A Riemann-integrable function without a primitive 

A Riemann-integrable function without a primitive on any 
interval 
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4. 


5. 


10. 


11. 


12. 


13. 


14. 


A function possessing a primitive on a closed interval but 
failing to be Riemann-integrable there (cf. Example 35, 
Chapter 8) 


A Riemann-integrable function with a dense set of points of — 


discontinuity 


. A function f such that g(x) = [ ° f(t)dt is everywhere dif- 
0 


ferentiable with a derivative different from f(x) on a dense 
set 

Two distinct semicontinuous functions at a zero “distance” 
A Riemann-integrable function with an arbitrary F, set of 
measure zero as its set of points of discontinuity (cf. Ex- 
ample 22, Chapter 8) 

A Riemann-integrable function of a Riemann-integrable 
function that is not Riemann-integrable (cf. Example 34, 
Chapter 8) 

A bounded monotonic limit of Riemann-integrable func- 
tions that is not Riemann-integrable (cf. Example 33, Chap- 
ter 8) 

A divergent improper integral that possesses a finite Cauchy 
principal value 

A convergent improper integral on [1, +) whose inte- 
grand is positive, continuous, and does not approach zero at 
infinity 

A convergent improper integral on [0, +) whose inte- 
grand is unbounded in every interval of the form [a, + ©), 
where a > 0 

Functions f and gsuch that fis Riemann-Stieltjes integrable 
with respect to g on both [a, b] and [}, c], but not on [a, c] 


5. Sequences 
Introduction 


1. 
2. 


3. 


Bounded divergent sequences 

For an arbitrary closed set, a sequence whose set of limit 
points is that set 

A divergent sequence {a,} for which Jim n (date — ada) = 0 
for every positive integer p 
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4. For anarbitrary strictly increasing sequence {¢,} = {¢(n)} 
of positive integers, a divergent sequence {a,} such that 


jim (Asin) — Gn) = 0 49 
5. Sequences {a,} and {b,} such that __ 
lim a, + lim b, < lim (a, + },) < lim a, + lim by 


< lim (a.+b,) < lima, +limd, 450 
6. Sequences {a:,}, {Gon}, --- such that 


lim (di, + G_ +--+) > lim a,+ lim ay+--- 50 
n—-+co nm —>-++0o n—-+00 
7. Two uniformly convergent sequences of functions the se- 
quence of whose products does not converge uniformly $1 
8. A divergent sequence of sets $1 
9. Asequence {A,} of sets that converges to the empty set but 
whose cardinal numbers > -+- © §1 


6. Infinite Series 


Introduction 58 
1. A divergent series whose general term approaches zero 54 
2. A convergent series >) a, and a divergent series >| b, such 

that a, 2 b,,n = 1,2,--- 54 
3. A convergent series >\ a, and a divergent series >) b, such 

that la,| = ldal, n=1,2,--- 64 
4. For an arbitrary given positive series, either a dominated 

divergent series or a dominating convergent series 54 
5. A convergent series with a divergent rearrangement 54 


6. For an arbitrary conditionally convergent series >. a, and 
an arbitrary real number z, a sequence {¢,}, where |e,| = 1 


forn = 1,2,---,such that >> &a, = z 56 
7. Divergent series satisfying any two of the three conditions 
of the standard alternating series theorem 56 


8. A divergent series whose general term approaches zero and 
which, with a suitable introduction of parentheses, becomes 
convergent to an arbitrary sum 57 

9. For a given positive sequence {b,} with limit inferior zero, a 
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10. 


11. 


12. 


13. 


14. 
15. 
16. 
1%. 


18. 


19. 


20. 


21. 


22. 


xiv 


positive divergent series >_ a, whose general term approaches 
zero and such that lim a@,/b, = 0 


n—-+oo 


For a given positive sequence {b,} with limit inferior zero, a. 


positive convergent series » a, such that lim ap /bn = +0 


n—>+o 

For a positive sequence {c,} with limit inferior zero, a posi- 
tive convergent series >, a, and a positive divergent series 
» b, such that da/b,a = Ca, n = 1, 2,--- 

A function positive and continuous for x 2 1 and such that 


+00 +c 
il f(x)dx converges and >> f(n) diverges 
1 


n=l 


A function positive and continuous for x 2 1 and such that 


+c +0 
[ f(x)dx diverges and > f(n) converges 
1 


n=>1 
Series for which the ratio test fails 
Series for which the root test fails 
Series for which the root test succeeds and the ratio test fails 
Two convergent series whose Cauchy product series di- 
verges 
Two divergent series whose Cauchy product series con- 
verges absolutely 


+o 
For a given sequence {Lene n=1, 2,-:- of positive 
m=1 
+0 
convergent series, a positive convergent series > Gn that 
m=1 


+00 
does not compare favorably with any series of > ans| 
m=1 
A Toeplitz matrix T and a divergent sequence that is trans- 
formed by 7' into a convergent sequence 
For a given Toeplitz matrix T = (t,;),a sequence {a;} where 
for each j, a; = +1, such that the transform {b;} of {a;} by 
T diverges 
A power series convergent at only one point (cf. Example 
24) 


57 
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23. A function whose Maclaurin series converges everywhere 


but represents the function at only one point 

A function whose Maclaurin series converges at only one 
point 

A convergent trigonometnic series that 1s not a Fourier series 
An infinitely differentiable function f(z) such that 


lim f(z) = O and that is not the Fourier transform of 
|z| ++ 
any Lebesgue-integrable function 


For an arbitrary countable set E C [—7z, z], a continuous 
function whose Fourier series diverges at each point of E and 
converges at each point of [—7z, z]\£ 


. A (Lebesgue-) integrable function on [—7z, 7] whose Fourier 


series diverges everywhere 


. A sequence {a,} of rational numbers such that for every 


function f continuous on [0, 1] and vanishing at 0 (f(0) = 0) 
there exists a strictly increasing sequence {n,} of positive 
integers such that, with mo = 0: 


+00 f -ol 


f(z) = das > ae 


\ n==ne +] 


the convergence being uniform on (0, 1] 


7. Uniform Convergence 


Introduction 
1. A sequence of everywhere discontinuous functions con- 


2. 


3. 


4 


verging uniformly to an everywhere continuous function 
A sequence of infinitely differentiable functions converging 
uniformly to zero, the sequence of whose derivatives di- 
verges every where 

A nonuniform limit of bounded functions that is not 
bounded 

A nonuniform limit of continuous functions that is not 
continuous 


. A nonuniform limit of Riemann-integrable functions that is 


not Riemann-integrable (cf. Example 33, Chapter 8) 


. A sequence of functions for which the limit of the integrals 


is not equal to the integral of the limit 
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7. A sequence of functions for which the limit of the deriva- 
tives is not equal to the derivative of the limit 

8. Convergence that is uniform on every closed subinterval 
but not uniform on the total interval 

9, A sequence {f,} converging uniformly to zero on (0, + ©) 


00 
but such that [ fa(x) dx ~0 
0 


10. A series that converges nonuniformly and whose general 
term approaches zero uniformly 

11. A sequence converging nonuniformly and possessing a 
uniformly convergent subsequence 

12. Nonuniformly convergent sequences satisfying any three of 
the four conditions of Dini’s theorem 


8. Sets and Measure on the Real Axis 


Introduction 
1. A perfect nowhere dense set 
2. An uncountable set of measure zero 
3. A set of measure zero whose difference set contains a neigh- 
borhood of the origin 
4. Perfect nowhere dense sets of positive measure 
5. A perfect nowhere dense set of irrational numbers 
6. A dense open set whose complement is not of measure zero 
7. A set of the second category 
8 A set that is not an F, set 
9. A set that is not a G; set 
10. A-set A for which there exists no function having A as its set 
of points of discontinuity 
11. A nonmeasurable set 
12. A set D such that for every measurable set A, 


tx(DO\ A) =0 and p*(D(\ A) = p(A) 
13. A set A of measure zero such that every real number is a 
point of condensation of A 
14. A nowhere dense set A of real numbers and a continuous 
mapping of A onto the closed unit interval (0, 1] 


80 


15. 


16. 
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A continuous monotonic function with a vanishing deriva- 
tive almost everywhere 

A topological mapping of a closed interval that destroys 
both measurability and measure zero 


. A measurable non-Borel set 
. Two continuous functions that do not differ by a constant 


but that have everywhere identical derivatives (in the finite 
or infinite sense) 


. Asetin [0, 1] of measure 1 and category I 

. Aset in (0, 1] of measure zero and category IT 

. A set of measure zero that is not an F, set 

. A set of measure zero such that there is no function— 


Riemann-integrable or not — having the set as its set of 
points of discontinuity 


. Two perfect nowhere dense sets in [0, 1] that are homeo- 


morphic, but exactly one of which has measure zero 

Two disjoint nonempty nowhere dense sets of real numbers 
such that every point of each set is a limit point of the 
other 


- Two homeomorphic sets of real numbers that are of differ- 


ent category 


. Two homeomorphic sets of real numbers such that one is 


dense and the other is nowhere dense 
A function defined on &, equal to zero almost everywhere 
and whose range on every nonempty open interval is ® 


. A function on ® whose graph is dense in the plane 


A function f such that 0 S f(z) < +© everywhere but 


[ seas = +2 


for every nonempty open interval (a, b) 

A continuous strictly monotonic function with a vanishing 
derivative almost everywhere 

A bounded semicontinuous function that is not Riemann- 
integrable, nor equivalent to a Riemann-integrable function 
A bounded measurable function not equivalent to a Rie- 
mann-integrable function 
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101 
102 
103 
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33. A bounded monotonic limit of continuous functions that-is 


34. 


35. 


39. 


not Riemann-integrable, nor equivalent to a Riemann- 
integrable function (cf. Example 10, Chapter 4) 

A Riemann-integrable function f, and a continuous function 
g, both defined on (0, 1] and such that the composite func- 
tion f(g(x)) is not Riemann-integrable on [0, 1], nor equiva- 
lent to a Riemann-integrable function there (cf. Example 
9, Chapter 4) 

A bounded function possessing a primitive on a closed inter- 
val but failing to be Riemann-integrable there 


. A function whose improper (Riemann) integral exists but 


whose Lebesgue integral does not 


. A function that is Lebesgue-measurable but not Borel- 


measurable 

A measurable function f(z) and a continuous function g(x) 
such that the composite function f(g¢(7)) is not measurable 
A continuous monotonic function g(x) and a continuous 
function f(x) such that 


[ f(w)dg(x) ¥ [ f(x)g' (x) dx 
Sequences of functions converging in different senses 


Two measures » and vy on a measure space (X, S) such that 
wis absolutely continuous with respect to v and for which no 


function f existssuch that u(£) = [ f(x)dv(x) forallE ES 


Part II. Higher Dimensions 


9. Functions of Two Variables 


Introduction 
1. A discontinuous function of two variables that is continuous 


2. 


in each variable separately 
A function of two variables possessing no limit at the origin 
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but for which any straight line approach gives the limit 
zero 


. A refinement of the preceding example 


A discontinuous (and hence nondifferentiable) function of 
two variables possessing first partial derivatives everywhere 
Functions f for which exactly two of the following exist and 
are equal: 

f(z, y), lim lim f(z, y), lim lim f(z, y) 


lim 
(z, y) (a. b) 


. Functions f for which exactly one of the following exists: 


lim  f(z,y), lim lim f(z, y), lim lim f(z, y) 
(z, y)— (a, b) z—a yb y—b z—a 


A function f for which 
lim lim f(z, y) and lm lim f(z, y) 
za y yb z—-a 


exist and are unequal 


. A function f(z, y) for which lim f(x, y) = g(x) exists 
y~ 


uniformly in z, lim f(z, y) = h({y) exists uniformly in y, 
z—0 

lim g(x) = lim h(y), but lim f(z, y) does not exist 

z—+0 y-0 (z, y) — (0, 0) 


A differentiable function of two variables that is not con- 
tinuously differentiable 


. A differentiable function with unequal mixed second-order 


partial derivatives 


. Acontinuously differentiable function f of two variables x 


and y, and a plane region & such that df/dy vanishes iden- 
tically in & but f is not independent of y in R 

A locally homogeneous continuously differentiable function 
of two variables that is not homogeneous 


. A differentiable function of two variables possessing no ex- 


tremum at the origin but for which the restriction to an 
arbitrary line through the origin has a strict relative mini- 
mum there 

A refinement of the preceding example 

A function f for which 


$f see way [|Z sev |e 
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16. 


although each integral is proper 
A function f for which 


1 1 1 
[ [sen ware [ [ sev aeay, 
0 0 0 0 
although each integral is proper 


17. A double series » Qma for which 


18. 


19. 


10. 


m,n 


> > Qmn al 2 2 Qmny 


although convergence holds throughout 


A differential P dz + Q dy and a plane region # in which 
P dz + Q dy is locally exact but not exact 

A solenoidal vector field defined in a simply-connected re- 
gion and possessing no vector potential 


Plane Sets 


Introduction 


l. 
2. 


3. 
4, 


De 


Two disjoint closed sets that are at a zero distance 

A bounded plane set contained in no minimum closed disk 
‘‘Thin” connected sets that are not simple arcs 

Two disjoint plane circuits contained in a square and con- 
necting both pairs of opposite vertices 

A mapping of the interval (0, 1] onto the square [0, 1] X 
(0, 1] 


. A space-filling arc in the plane 
. A space-filling arc that is almost every where within a count- 


able set 

A space-filling arc that is almost everywhere differentiable 
A continuous mapping of [0, 1] onto [0, 1] that assumes 
every value an uncountable number of times 


. A simple arc in the unit square and of plane measure arbi- 


tarily near 1 


. A connected compact set that is not an arc 
. A plane region different from the interior of its closure 


Three disjoint plane regions with a common frontier 
A non-Jordan region equal to the interior of its closure 
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15. A bounded plane region whose frontier has positive measure 

16. A simple arc of infinite length 

17. A simple arc of infinite length and having a tangent line at 
every point 

18. A simple arc that is of infinite length between every pair of 
distinct points on the arc 

19. A smooth curve C containing a point P that is never the 
nearest point of C' to any point on the concave side of C 

20. A subset A of the unit square S = (0, 1] X (0, 1] that is 
dense in S and such that every vertical or horizontal line 
that meets S meets A in exactly one point 

21. A nonmeasurable plane set having at most two points in 
common with any line 

22. A nonnegative function of two variables f(z, y) such that 


1 1 1 1 
i [ ite, y) dz dy = | [ f(x, y) dy dx = 0 
0 +0 0 0 
and such that 


[[ f@waa, where $= (0, 1] X (0, 0, 
S 


does not exist 

23. A real-valued function of one real variable whose graph is a 
nonmeasurable plane set 

24. A connected set that becomes totally disconnected upon the 
removal of a single point 


ll. Area 


Introduction 
1. A bounded plane set without area 
2. A compact plane set without area 
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Functions of a Real Variable 


Chapter 1 
The Real Number System 


Introduction 

We begin by presenting some definitions and notations that are 
basic to analysis and essential to this first chapter. These will be 
given in abbreviated form with a minimum of explanatory discussion. 
For a more detailed treatment see [16], [21], [22], and [30] of the 
Bibliography. 

If A is any set of objects, the statement a ts a member of A is 
written a € A. The contrary statement that a is noéa member of A is 
written a € A. If A and B are sets, the statement A 7s a subset of B 
is written A C B, and is equivalent to the implication x € A implies 
z € B, also written x € A =z € B. The phrase if and only if is 
often abbreviated iff, and sometimes symbolized =. The set whose 
members are a, 6, c,--+ is denoted {a, b, c,---}. The notation 
{---|--+-} is used to represent the set whose general member is 
written between the first brace { and the vertical bar | , and whose 
defining property or properties are written between the vertical bar 
| and the second brace }. The union and intersection of the two 
sets A and B can therefore be defined: 


AuB=({z|xtE€A or x E Bh, 
AnB={z|xE€A,x€ Bh, 


where the comma in the last formula stands for and. For convenience, 
members of sets will often be called points. The difference between 
the sets A and B is denoted A \ B and defined: 


A\ B= {x|xz2€ A,x € Bh. 
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When a general containing se or space or universe of discourse S is 
clearly indicated or understood from context, the difference S\ A is 
called the complement of A, and denoted A’. In general, the 
difference A \ B is called the complement of B relative to A. 

If A and B are two nonempty sets (neither A nor B is the empty 
set 0), their Cartesian product is the set of all ordered pairs (a, 5), 
where a € A and 6 € B, denoted: 


AXB={(a,b)[a € A,b€ Bh. 


If (a, b) € A X B, a is the first coordinate or component of 
(a, b) and b is the second coordinate or component of (a, b). 
Any subset p of A X B is called a relation from A to B. A function 
from A to B is a relation f from A to B such that no two distinct 
members of f have the same first coordinate. If the phrases there 
exists and there erist are symbolized by the existential quantifier J, 
and the words such that by the symbol 3, the domain (of definition) 
D = Dy; and range (of values) R = R; of a function f can be defined: 


D = D, = {z| dy 3 @ y) € fF}, 
R = R, = {y|dz 9 (2, y) € f}. 


The function f is a function on A into B iff f isa function from A to 
B with domain equal to A. The function f is a function on A onto 
B iff f is a function on A into B with range equal to B. A function f 
is & One-to-one correspondence between the members of A and 
the members of B iff f is a function on A onto B such that no two 
distinct members of f have the same second coordinate. The values 
of a function are the members of its range. The inverse f— of a 
one-to-one correspondence f is obtained by interchanging the domain 
and range of f: 


f = {@, y)| &, z) € fF}. 


A constant function is a function whose range consists of one point. 
Various types of relations and functions are indicated in Figure 1. 
In each case the sets A and B are taken to be the closed unit interval 
[0, 1] consisting of all real numbers xz such that0 Sz S 1. 
Let f be a function on A into B, symbolized in the following two 
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PIF’ in 


From-to On-into On-onto From-to 


WU 


Ly 


relation relation relation function 
On-into On-onto One-to-one Constant 
function function correspondence function 
Figure 1 
ways: 
f:A >B, 
A—> B. 


If x is an arbitrary member of A, then there is exactly one member 
y of B such that (z, y) € f. This member y of B is written: 


y = f(z). 
Other ways of writing the function just described are: 
fiy=f@), reA, ye B; 
f:x EA, f(x) Ee B; 


or, 
y=f(z):t€ A, ye B, 


f(x): 2 € A, 


when it is clear from the context that the notation f(x) represents a 
function rather than merely one of its values. 
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If f is a function with domain D, and if S is a subset of D, then 
the restriction of f to S is the function g whose domain is S such that 


ze S= g(x) = f(z). 
The range of the restriction of f to S is denoted f(S). That is, 
f(S) = {y/dz€ S35 f(x) = y}. 


If g is a restriction of f, then f is called an extension of g. 

If f and g are functions such that the range of g is a subset of 
the domain of f, then the composite of f and g, denoted fog, 
is the function whose value at the point x of the domain of g is 
f(g(x)); in short, the function y = f(g(x)) is called the composite of 
the function f(u) and the function u = g(x). (It should be noted that 
the composite of f and g is not in general the same as the com- 
posite of g and f; counterexample: (1 + 1)? ¥ z? + 1.) 

If A is a nonempty set, a binary operation from A to A isa 
function from A X A to A. A binary operation on A into A is a 
function on A X A into A. In classical arithmetic there are two fun- 
damental binary operations: addition and multiplication. Many prop- 
erties of these operations in arithmetic are shared by operations in 
more abstract settings, where the operations bear the same names. If 
a binary operation F is called addition, and if z = F((z, y)), then 2 
is also written z = x + y. If a binary operation G is called multi- 
plication, and if z = G((z, y)), then z is also writtenz = zy, or 
z= 2x-y. 

Definition I. A fieldis a nonempty set 5, together with two binary 
operations on $ into S, called addition and multiplication, such that: 


A. For addition: 
(4) The associative law holds: 


ryz€Fsexert(yt2z)=(a@t+y) +z. 
(17) J a member 0 of ¥ such that 
rx€Forxer+O0=-2. 


GQit)x € FSSA (-z7)€ F32e4+ (—-2z) =0. 
(iv) The commutative law holds: 
ByCFomr+y= y+ 2. 
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B. For multiplication: 
(1) The associative law holds: 
r,Y,2€ FS xyz) = (xyz. 
(12) J a member 1 of F such that] # Oandx € FS u-l=-z. 
()xe€ Fx ¥OSrce '€F Sexe = 1, 
(2v) The commutative law holds: 
Lye TSry = ye. 
C. For addition and multiplication: 
The distributive law holds (more precisely, multiplication 1s 
distributive over addition): 


r,y,2€ FSxclyt+ 2) =xyt+ zz. 


The member 0 of 5, of A(zz), is called the zero, or additive iden- 
tity, of |. The member (—2) of 5, of A(zzz), is called the negative, 
or additive inverse, of x. The binary operation x — y, defined by 
x y=x+(_ y), is called subtraction. The member 1 of §, 
of B(iz), is called the one, or unity, or multiplicative identity, 
of ¢ The member 27! of &, of B(zz2), is called the reciprocal, or 
multiplicative inverse, of x. The binary operation 2/y, defined by 
z/y = xy 1, wherey + 0, iscalled division. Division is a “from-to” 
operation and not an ‘on into” operation since ‘‘division by zero” 
is excluded. 

A nonempty set G together with a binary operation on G into 
Gin this case denoted + and called addition — subject to prop 
erties A(z), (27), and (277) is called a group (in this case, an additive 
group). In case the commutative law A(zv) holds, G is called an 
Abelian or commutative group. Thus, with respect to addition 
any field is an Abelian additive group. With respect to multiplica- 
tion the nonzero members of a field form an Abelian multiplicative 


group. 


Definition II. An ordered field 1s a field 5 that contains a subset 
® such that 
(4) & ts closed with respect to addition; that is, 


rEPYEPSL+YECSO. 
(12) @ ts closed with respect to multiplication; that ts, 


rE P,YE PS YES. 
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(it) x € F¥ => exactly one of the three statements is true: 
xE@; x= 0; —xreE@. 
A member x of Sis positive iff x € 0; x 1s negative iff —x E 0. 


Inequalities in an ordered field are defined in terms of membership 
in @. For example, 


a<y iff y-—2zE€@; 
x2y Wf t—yEO or r=y. 


A function f from § to ¥, where § is an ordered field, 1s increasing 
(or nondecreasing) on a subset A of its domain iff 


z,yEA,e<y>f(r) S fy). 
The function f is strictly increasing on A iff 
z,y€ Ase < y= fx) < fy). 


The terms decreasing (or nonincreasing) and strictly decreasing 
are similarly defined. A function is monotonic on a set iff it is 
either increasing or decreasing there. Strictly monotonic has an 
obvious definition. 

If § is an ordered field and if x € F, then |x |, called the absolute 
value of x, is defined to be z in case x = 0, and to be —~ in case 
x<Q. 

The following are a few of the standard properties of absolute value, 
where z, y,€ € F. 

(1) |x| 2 0;|2| = Oiff2 = 0. 
(i) |2y| = [|-lyl- 
Gt) Ife > 0,|2| < ciff -e<r<e. 
(w) The triangle inequality: |z+y| <|z|+|y|. 
(v) |x |= ~/2? ; that is, |x| isthe unique member of © u {0} 
whose square = 7?. 
@) ||z<|-—lyl| Slz—yl. 

If § is an ordered field, and if a,b € §, a < b, then the following 
sets are called finite or bounded intervals, further described by the 
attached initial adjective, and denoted as indicated with parentheses 
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and/or brackets: 
open: (a,b) = {z|rEF, a<z < 5}, 
closed: [a,b] ={z|rES, asx Ss J}, 
half-open (or half-closed): (a,b) ={x|z2 ESF, as zx < dD}, 
half-open (or half-closed): (a,b] ={r|r ES, a<z s dO. 
Infinite or unbounded intervals are similarly delineated: 

open: (a, +o) = {x|z > a}, 

open: (—o,a) = {x| xz < a}, 

closed: fa, +0) = {x|z = a}. 

closed: (—o,a] = {z|z S a}. 


open and closed: (—%, +) = §. 


A neighborhood of a pomt a of an ordered field $ is an open in- 
terval of the form (a — €, a + ¢), where € is a positive member of 
§. This neighborhood can also be written in terms of absolute values, 
and will be denoted: 


N(a, 2) = (@-—gate) = {2||z —a| < 4}. 


A deleted neighborhood of a point a is a neighborhood of a with 
the point a deleted; a deleted neighborhood D(a, ¢) of a, for some 
€ > 0, 1s thus defined: 


D(a, €) = {z4|0 < |x —a| < e}. 
The binary operations max and min on § to § are defined: 
_jt« f r2y, . _ ly ifr 2y, 
max @ ya {e i Teh min = WEE 


If $ is an ordered field, if u € 5, and if x S u for every member x 
of a nonempty set A of points of F, then wu is called an upper bound 
of A. A nonempty set in § is bounded above in § iff there exists a 
member of § that is an upper bound of the set. If s is an upper bound 
of A and if s is less than every other upper bound of A, then s is 
called the least upper bound or supremum of A, written s = 
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sup (A) = sup A. Similar definitions hold for lower bound, bounded 
below, and greatest lower bound or infimum 7 of a nonempty 
set A, written 2 = inf (A) = inf A. 


Definition III. A complete ordered field is an ordered field F 
in which a least upper bound exists for every nonempty set in F that 
as bounded above in S. 


Any two complete ordered fields § and S$’ are isomorphic in the 
sense that there exists a one-to-one correspondence x <> 2’, where 
x€ § and 2x’ € §’, that preserves binary operations and order; that 
1S: 


Qty’ =a2e+ yy, (yy =2ry, «wteyiffr’ <y. 


(For a proof and discussion, see [35], pp. 128-131.) As far as structure 
is concerned, then, the real number system is uniquely described by 
the definition: 


Definition IV. The real number system @ is a complete ordered 
field. 


A function on A onto B 1s called real-valued iff B C @; it is called 
a function of a real variable iff A C @. | 

The signum function is the real-valued function of a real variable 
defined and denoted: ssnz = 1ifx > O0;ssmnz = -lifz < 0; 
sen 0 = 0. 

If S is any nonempty space and if A is any subset of S, then the 
characteristic function of A is the real-valued function x, de- 
fined: xa(z) = 1ifz@E€ A andyu(z) = Oifx€ A’ =S\A. 

Definition V. An inductive set in an ordered field § is a set A 
having the two properties: 

(() 1€ A. 
(2) rE ASerti1eéa. 


Definition VI. A member n of an ordered field ¥ is a natural 
number iff n is a member of every inductive set of F. The set of all 
natural numbers of § 1s denoted I. 


From this definition follow the familiar properties (cf. [35] pp. 
17-18) of natural numbers, including the theorem: 
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Fundamental Theorem of Induction. If $ is an inductive set 
of natural numbers, then § = 9%. 


If Xt and 9” are the sets of all natural numbers of two ordered 
fields § and $*, then Xt and 9* are isomorphic (ef. [35], pp. 34-35). 


Definition VII. A member x of an ordered field S is an integer iff 
2rE nN, x = 0, or 2x € NM. A member x of an ordered field is a 
rational number iff there exist integers m and n, n # QO, such that 

= m/n. 


The set of all rational numbers of an ordered field ¥, under the 
operations of addition and multiplication of ¢ and the ordering of 
5, is also an ordered field, denoted Q. (Any two ordered fields of 
rational numbers are isomorphic; cf. [35], p. 67.) 


Definition VIII. A ring 7s a nonempty set @, together with two 
binary operations on ® into B, called addition and multiplication, 
such that the following laws of Definition I hold: A(1), (iz), (iit), (iv), 
BC), C, and a second distributive law: 

C’. ZY 2E€B=> (t+ ye = rz + yz. 


Definition IX. An integral domain is a ring D such that the 
following additional laws of Definition I hold: B(i1), (av) — that is, 
all laws of Definition I except for B(tiz) and also the following 
weakened form of B(iit): 

D. reED yeo,71F0y# 0S zy $ 0. 


That D is a weakened form (that 1s, a consequence) of B(z772) 
can be seen by assuming the existence of  ~ 0 and y # 0 such that 
zy = 0. Thenz ‘(xy) = (@ 1x)y = ly = y ¥ O, whereas z—0 = 0. 
(Contradiction.) In any ring, law D is equivalent to the law: 

D’. Cancellation law. zy = 72,4 ~0>y =z. 


(D = D’ since zy = xz iff x(y — z) = 0; D’=> D since zy = 0 can 
be written zy = 2x0.) 

The set of all integers of an ordered field $, with the operations of 
addition and multiplication of 5, is an integral domain, denoted 9. 
Any two integral domains of integers are isomorphic (cf. [35], p. 64). 

Let f be a function from § to 5, where & is an ordered field, and 
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let a € &. Then f is continuous at a iff a belongs to the domain D 
of f, and corresponding to an arbitrary positive member ¢ of § J 
@ positive member 6 of F such that | f(z) — f(a) | < efor every x of 
D such that |z — a| < 6. With the aid of the universal quantifier 
V, representing the words for all, for an arbitrary, for every, or for 
each, and the language and notation of neighborhoods, this last 
portion of the definition of continuity of f at a point a of D can be 
expressed : 


Ve>046> 03 fn NG, 5)) C NG), €). 


A point 7 is a limit point of a nonempty set A, in an ordered field 
§, iff every deleted neighborhood of p contains at least one point of 
A: 


Ve>O0daeEé Di,e) nA. 


If f is a function from § to §, if a is a limit point of the domain D 
of f, and if b € §, then the limit of f(z) as x approaches a is said 
to exist and equal b, with the notation 


lim f(x) = 6, 
iff 
Ve>0d56>05 f(Dn Da, 8)) Cc NO, €). 


One-sided limits are defined similarly, and denoted lim..., f(z) 
and lim, f(z). 

A function f from an ordered field ¥ to S is uniformly continuous 
on a subset A of its domain D iff 


Ve>05d6>035 
v1 22 € A, | a1 — 22] < 6= [f(m) — f(r.) | <e. 


If f is a function from an ordered field F to S, and if ais a point of 
the domain D of f, then the symbol f’(a) denotes the member of $ 
defined 


f(a) = timf®) —I@ _ jg fla +h) = f@) | 
za %T—-a h 
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provided this limit exists. The function f’ defined by f’(z) whenever 
f’(z) exists for z in the domain of D is called the derivative of f. 
A function f from an ordered field § to § is said to have the inter- 


mediate value property on an interval J contained in its domain 
iff 


Va,b€1,d€F3a<b 
and either f(a) <d < f(b) orf(a) > d> f(b), 
dcda<c<b, fld=d. 


A sequence is a function whose domain is the set of natural 
numbers 9t. Its value for 7 is usually denoted by means of a sub- 
script, thus: a, , and the sequence itself by braces: {a,}. A sequence 
{dn}, where the values or terms a,, are members of an ordered field 
§, is said to be convergent and to have the limit }, or to converge 
to b, where 6 € §, iff 


VeECPANENIn>E>NRIla,-—b|]<se 


where @ is the set of positive members of 5 . A sequence is divergent 
iff it fails to be convergent (that is, iff a limit b fails to exist). A 
sequence {a,}, where the terms a, are members of an ordered field 
¥, is a Cauchy sequence iff 


VeCCOANENRImMn>N >| an — aal <e. 


Every convergent sequence is a Cauchy sequence, and if F¥ = R 
every Cauchy sequence is convergent (cf. [34], p. 57). 
A complex number is an ordered pair (x, y) of real numbers 
x and y. Addition and multiplication of complex numbers are 
defined : 
y+ =@+uy t+»), 


(x, y)(u, v) = (ru — yu, Ww + yu). 


The complex numbers form a field € (cf. [34], p. 497), with zero 
(0, 0) and unity (1, 0). In the sequel the standard notation x + 7zy 
for the ordered pair (2, y) will be usual. 


1. An infinite field that cannot be ordered. 
To say that a field § cannot be ordered is to say that it possesses 


13 


[. Functions of a Real Variable 


no subset @ satisfying the three properties of Definition II of the 
Introduction. A preliminary comment is that since every ordered 
field is infinite, no finite field can be ordered ([35], p. 38). 

An example of an infinite field that cannot be ordered is the field 
© of complex numbers. To show that this is the case, assume that 
there does exist a subset @ of © satisfying Definition II. Consider 
the number 7 = (0,1). Since z ¥ (0, 0), there are two alternative 
possibilities. The first is ¢ € @, in which case 2? = (-—I, 0) € @, 
whence 74 = (1, 0) € @. Since 2? and 74 are additive inverses of 
each other, and since it is impossible for two additive inverses both 
to belong to @ (cf. Definition II, (227)), wehave obtained a contradic- 
tion, as desired. The other option is —z = (0, —1) € 6, im 
which case (—2)? = (—1, 0) € ®, whence (—7)4 = (1, 0) € @, 
with the same contradiction as before. 


2. A field that is an ordered field in two distinct ways. 

The set § of all numbers of the form r + sv/2, where r and s are 
rational and the operations of addition and multiplication are those 
of the real number system & of which § is a subset, is an ordered field 
in which the subset @ of Definition II is the set of all members of $ 
that are positive members of &, that is, positive real numbers A 
second way in which § is an ordered field is provided by the subset 
@® defined: 


r+n/2€Ber—sV2E6. 


That @® satisfies the three requirements of Definition II is easily 
verified. 

Each of the fields Q of rational numbers and & of real numbers is 
an ordered field in only one way ((35], p. 146). 


3. An ordered field that is not complete. 

The ordered field © of rational numbers is not complete. This can 
be seen as follows: The set A of all positive rational numbers whose 
squares are less than 2, 


A={r|rée, r>0, r? < 2}, 


is nonempty (1 € A) and is bounded above by the rational number 
2. Let us assume that Q is complete. Then there must be a positive 
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rational number c that is the supremum of A. Since there is no 
rational number whose square is equal to 2 (cf. [35], p. 126), either 
c? < 2 orc? > 2. Assume first that c? < 2 and let d be the positive 


number 
1. 2-—¢ 
d= nin( 222 <1), 


Then c + d isa positive rational number greater than c whose square 
is less than 2: 


c+d)?<c?+de4+1)? < 2, 


But this means that c + d € A, whereas c is an upper bound of A. 
(Contradiction.) Now assume that c? > 2 and let d be the positive 
number 


~~ 2 
2(c + 1)?" 


Then c — dis a positive rational number less than c whose square is 
greater than 2: 


(c — d)? > c? — d(c + 1)? > 2. 


Since c — distherefore an upper bound of A less than the least upper 
bound c, a final contradiction is reached. 


4. A non-Archimedean ordered field. 

An ordered field § is Archimedean iff the set 9¢ of natural numbers 
of ¥ is not bounded above in § (equivalently, whenever a, b € f, 
a> 0,b > 0, then there exists a natural numbern such that na > b). 
Let f be a polynomial function on ® into &: 


fe) = 2, at, a& € R, k=0,1,---,n, 


and let g be a nonzero polynomial function (that is, g(x) is not iden- 
tically zero), and let f/g be the rational function h defined by h(x) = 
f(z) /¢{x) whose domain consists of all real numbers for which g(x) + 0. 
Let 3 consist of all rational functions f/g in lowest terms (the only 
common polynomial factors of f and g are constants), with addition 
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and multiplication defined: 
firifsto sf rifk 
g 8 gs” g s gs’ 


where the right-hand member in each case is reduced to lowest terms. 
Then & is a field ((35], p. 104). If a subset @ of 3C is defined to consist 
of all nonzero f/g of 3C such that the leading coefficients (that is, 
the coefficients of the terms of highest degree) of f and g have the 
same sign, then @ satisfies the requirements of Definition II, and 
gC is an ordered field. But any rational function f/1, where f is a 
nonconstant polynomial with positive leading coefficient, is an upper 
bound of the set 9t of natural numbers of 3 (the natural numbers of 
5 are the constant rational functions of the form n/1, where 7 is the 
constant polynomial whose values are all equal to the real natural 
number 7). For a more detailed discussion, see [35], pp. 99-108. 


5. An ordered field that cannot be completed. 

To say that an ordered field ¥ cannot be completed means that 
there 1s no complete ordered field ® containing $ in such a way that 
the operations of addition and multiplication and the order relation 
of § are consistent with those of ®. The preceding example % of 
rational functions cannot be completed in this sense or, in other 
words, cannot be embedded in the real number system (cf. Definition 
IV). The reason, in brief, is that if 3C could be embedded in &, then 
the natural numbers of 3C would correspond in an obvious fashion 
with those of ®. Since 9 is bounded above in & but not in ® ({85}, 
p. 122), a contradiction is obtained. 


6. An ordered field where the rational numbers are not dense. 

The “rational numbers” of the ordered field 3C of Example 4 are 
not dense in 3. That is, there are two distinct members of 3 having 
no rational number between them. In fact, any ordered field § in 
which the rational numbers are dense is Archimedean. To see this, 
let a be an arbitrary positive member of 5, and let m/n be a rational 
number between 0 and 1/a. Adjust notation if necessary in order to 
assume (without loss of generality) that m and n are both positive. 
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Then 


whence n > a. Consequently a is not an upper bound of X, and 
since a is arbitrary, 9U is not bounded above. It follows, then, that 
since 3C is not Archimedean the rational numbers of 3 cannot be 
dense in 3. Examples of two distinct members of 3C having no ra- 
tional number between them are any two distinct nonconstant poly- 
nomials with positive leading coefficients. 


7. An ordered field that is Cauchy-complete but not complete. 

If the ordered field 3 of rational functions, Example 4, is extended 
by means of equivalence classes of Cauchy sequences, the resulting 
structure is an ordered field in which every Cauchy sequence converges. 
However, by Example 5, this Cauchy-completion cannot becomplete in 
the sense of the definition given in the Introduction in terms of least 
upper bounds. (For a treatment of Cauchy-completion in general, 
see [20], pp. 106-107, [21].) 


8. An integral domain without unique factorization. 

A unit of an integral domain D is a member u of D having a 
multiplicative inverse v in D: uw = 1. (The units of the integral 
domain g of integers are 1 and —1.) Any member of D that is the 
product of two nonzero members of D neither of which is a unit is 
called composite. Any nonzero member of D that is neither a unit 
nor composite is called prime. An integral domain D is a unique 
factorization domain iff every nonzero nonunit member of D 
can be expressed as a product of a finite number of prime members 
of D, and when so expressed is uniquely so expressed except for the 
order of the factors or multiplication of the factors by units. 

In the real number system ® define the set @ of all numbers of 
the form a + b+/5, where a, b € g. Then @ is an integral domain. 
The following two facts are not difficult to prove (cf. [35], p. 144): 
(7) The units of & consist of all a + 6/5 such that | a? — 56?| = 1. 
(it) If a + b+/5 isa nonzero nonunit, then | a? — 5b2| = 4. Con- 
sequently, if 1 < | a? — 5b?| < 16,a+ bv/5 is prime. In particular, 
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2,1 + 75, and —1 + +/5 are all prime members of © since for 
each, |a? — 5b?| = 4. Furthermore, the two factorings of 4, 


2-2 = (1+ 75)(-1 + V5), 


are distinct in the sense defined above: No factor of either member 
is a unit times either factor of the other member. (For details see 
[35], p. 145.) 


9. Two numbers without a greatest common divisor. 

In an integral domain D, a member m divides a member n, written 
m |n, iff there exists a member p of D such that mp = n. A mem- 
ber d of D is called a greatest common divisor of two members a 
and b of 0 iff: 


@) d|a and d|b; 
(a2) cla,c|b>cld. 


In the integral domain © of the preceding example, the numbers 4 
and 2(1 + +/5) have no greatest common divisor. (For details, 
see [35], pp. 145-146.) 


10. A fraction that cannot be reduced to lowest terms uniquely. 

If fractions are constructed from pairs of members of the integral 
domain ® of Example 8, the fraction 2(1 + +/5)/4 can be reduced 
to lowest terms in the following two ways: 


21+ YW5) 1475 _ 2 
4 


rr es ease 
The results are distinct in the sense that neither numerator is a 
unit times the other, and neither denominator is a unit times the 
other. 


11. Functions continuous on a closed interval and failing to 
have familiar properties in case the number system is not 
complete. 

We conclude this chapter with a collection of functions defined 
on @ closed interval [a, 6b] C © and having values in ©. These ex- 
amples would all be impossible if the rational number system Q, 
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which is not complete (cf. Example 3), were replaced by the real 
number system ®&, which is complete. The ordered field Q will 
be considered to be embedded in ® in order that symbols such as 
1/2 can be used. The letter z is assumed to represent a rational 
number in every case. 

a. A function continuous on a closed interval and not bounded there 
(and therefore, since the interval is bounded, not uniformly continuous 
there). 


1 
flz) = 3» Os 2x s 2. 

b. A function continuous and bounded on a closed interval but not 
uniformly continuous there. 


_ fo Os2< Vv, 
fle) = {9 V2<2x8 2. 


ec. A function uniformly continuous (and therefore bounded) on a 
closed interval and not possessing a maximum value there. 


f~)=2—-23, OS281. 


d. A function continuous on a closed interval and failing to have the 
intermediate value property. 

Example b; or f(z) = 2 on [1, 2], which does not assume the 
value 2 intermediate between the values 1 and 4. 


e. A nonconstant differentiable function whose derivative vanishes 
adentically over a closed interval. 
Example b. 


f. A differentiable function for which Rolle’s theorem (and therefore 
the law of the mean) fazls. 
Example c. 


g. A monotonic uniformly continuous nonconstant function having 
the intermediate value property, and whose derivative is identically 0 on 
an interval. 

This example is more difficult than the preceding ones. It can be 
constructed by means of the Cantor set defined and discussed in 
Chapter 8. For details, see Example 15, Chapter 8. 


19 


Chapter 2 


Functions and Limits 


Introduction 

In this chapter it will be necessary to extend some of the definitions 
of Chapter 1, or to introduce new ones. Unless a specific statement to 
the contrary is made, all sets under consideration will be assumed to 
be subsets of ®, the real number system, and all functions will be 
assumed to be real-valued functions of a real variable. 

Westart by extending unions and intersections to infinite collections 
of sets A, Ae, °°: 


+00 
U An = Aru Acu -++ = {x|2x € Ap for at least one n = 1, 2,---}, 
+0 

An = AinAen::- = {x|a € A, for every n = 1, 2, ---}. 


R=] 


A set A is closed iff it contains all its limit points; that is, iff there 
is no point of A’ that is a limit point of A. A set A is open iff every 
point of A has a neighborhood lying entirely in A. A point p is a 
frontier point of a set A iff every neighborhood of p contains at 
least one point of A and at least one point of A’. The set of all 
frontier points of A is called the frontier of A, and is denoted F(A). 
A point p is aninterior point ofa set A iff there exist a neighborhood 
of p that lies entirely in A. The set of interior points of A is called 
the interior of A, and is denoted [(A). Any closed set A is the 
union of its interior and its frontier: A = [(A)u F(A). The closure 
of A, denoted A, is the union of the set A and the set of all limit 
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points of A. An open covering of a set A is a family {U.} of open 
sets U. whose union contains A; in this case {U.} covers A. A set 
A is compact iff every open covering of A contains a finite subfamily 
that covers A. In the space ® a set is compact iff it is closed and 
bounded. (This is the Heine-Borel theorem and its converse; cf. [34], 
p. 202.) 

A set A is countable iff A is finite or there exists a one-to-one 
correspondence whose domain is 9U, the set of, natural numbers, and 
whose range is A. 

An important property of the real number system is that, for any 
real number 2, there exists a unique integer n such that 


nsx<nt+1, or r—1<n Sz. 


Since n is determined uniquely as the greatest integer less than or 
equal to z, a function f is thereby defined, known as the greatest 
integer function or the bracket function, denoted f(z) = [z], and 
equivalently defined as the integer [z] satisfying 


[xy] Sx <[z]+1, or xr—1 < [zx] <=. 


Square brackets should be interpreted as indicating the bracket 
function only when an explicit statement to that effect is made. 

A function f on & into & is periodic with period p iff f(x + p) = 
f(x) for all z € @. A function is periodic iff it is periodic with period 
p for some nonzero 7p. 

Let a be a limit point of the domain D of a function f, and assume 
that f(z) is bounded in some neighborhood of a, for x € D. The 
limit superior and limit inferior of f at a, denoted lim... f(x) and 
lim,+a f(z), respectively, are defined in terms of the functions ¢ and y 
as follows: For 6 > 0, 


$(5) = sup {f(x)|z € Dn DG@, 5)}, 
¥(5) = inf {f(z) |z € Dn DG, 4)}, 
lim f(z) = lim $@) = inf {¢(6) | 5 > 0}, 


lim f(z) = lim ¥(8) = sup {(6)|5 > 0}. 
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A function f is upper semicontinuous at a point a € D iff limz.. f(z) 
< f(a);f is lower semicontinuous at a iff limz.. f(z) 2 f(a); f is 
semicontinuous at a iff f is either upper semicontinuous at a or 
lower semicontinuous at a. 

A function f is locally bounded at a point a that is either a 
point or a limit point of the domain of f iff there exists a neighborhood 
of aon which f is bounded; f is locally bounded on a subset A of its 
domain iff f is locally bounded at every point of A. 

Infinite limits + o, and limits of f(z) ast — +o, are defined as 
in the case of lun,., f(z) = 6b, except that (deleted) neighborhoods of 
infinity are used: 


D(+0,N) = (NV, +), 
D(—«,N) = (-@~,WN). 
For example: 
lm f(z) = +o iff VkKI6>05f(Dn De, 5) Cc D(i+~, K), 


z--a 


lim f(z) =b iff We >03N 3 f(DnD(—~,N))C N(b, #). 


Basic definitions of convergence and uniform convergence of in- 
finite series, and the Weierstrass M/-test for uniform convergence, 
will be assumed as known (cf. [34], pp. 381, 444, 445). 


1. A nowhere continuous function whose absolute value is 
everywhere continuous. 


f(t) = J if x is rational, 
ann 1 if x is irrational 


2. A function continuous at one point only. (Cf. Example 22.) 


OF 
ro =f, 


The only point of continuity is 0. 


if x is rational, 
if z 1s irrational 


3. For an arbitrary nonconipact set, a continuous and un- 
bounded function having the set as domain. 
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(a) If A is an unbounded set of real numbers, let 
f(x) =a, tEA. 


(b) If A is a bounded set of real numbers that is not closed, let c 
be a limit point of A but not a member of A, and let 


] 
f(z) re, ZEA. 


If f 1s continuous on a compact set A , then f is bounded there 
(cf. [386], p. 80). 


4. For an arbitrary nonconipact set, an unbounded and locally 
bounded function having the set as domain. 

Example 3. 

If f1s locally bounded on a compact set A , then f is bounded there. 


5. A function that is everywhere finite and everywhere locally 
unbounded. 

If x is a rational number equal to m/n, where m and n are integers 
such that the fraction m/n is in lowest terms and n > O, then m 
and 7 are uniquely determined (cf. [35], p. 53). Therefore the following 
function is well defined: 


(2) nm ifzisrational, z= m/n in lowest terms, n > 0; 

iH = 

J 0 if x is Irrational. 

If f were bounded in N(a, ¢), then for all m/n in N(a, €) the de- 
nominators n would be bounded, and hence the numerators m would 
be too. But this would permit only finitely many rational numbers 
in the interval N(a, ¢). (Contradiction.) (Cf. Example 27, Chapter 8, 
for a function incorporating these and more violent pathologies. Also 
cf. Example 29, Chapter 8.) 


6. For an arbitrary noncompact set, a continuous and bounded 
function having the set as domain and assuming no extreme 
values. . 

(a) If A is an unbounded set of real numbers, let 
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2 
= 7 
f(t) = a rE A. 
Then f(z) has no maximum value on A. If f(x) is defined 
2 
—_ ¢—4\llz & 
f(z) = (-1) PEI’ r€ A, 


where [| 2z |] is the greatest integer less than or equal to | z |, then 
f(z) has neither a maximum value nor a minimum value on A. 

(b) If A is a bounded set of real numbers that is not closed, let c 
be a limit point of A but not a member of A, and let 


fz) =—-|xz-—ce, 2vé€EA. 
Then f(z) has no maximum value on A. If f(z) is defined 
f(a) = (-"{L — |z — eh, 


where brackets are once again used to represent the “bracket func- 
tion,” and L is the length of some interval containing A, then f(z) 
has neither &@ maximum nor & minimum value on A . 


7. A bounded function having no relative extrema on a com- 
pact domain. 

Let the compact domain be the closed interval [0, 1], and for 
xz € (0, 1], define | 


(—1)"n 


Ha) aE if x is rational, x = m/n in lowest terms, n > 0. 
rt) = 


0 if x is irrational . 
Then in every neighborhood of every point of [0, 1] the values of f 


come arbitrarily close to the numbers 1 and —1 while always lying 
between them. (Cf. [14], p. 127.) 


8. A bounded function that is nowhere semicontinuous. 

The function of Example 7 is nowhere upper semicontinuous since 
lim.+. f(z) is everywhere equal to 1 and therefore nowhere < f(a). 
Similarly, this function is nowhere lower semicontinuous. (Notice 
that the function of Example 1 1s upper semicontinuous at a iff a is 
rational and lower semicontinuous at a iff a is irrational.) 
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9. A nonconstant periodic function without a smallest posi- 
tive period. 

The periods of the function of Example 1 are the rational numbers. 

The periods of any real-valued function with domain ® form an 
additive group (that is, the set of periods is closed with respect to 
subtraction). This group is either dense (as in the present example) 
or discrete, consisting of all integral multiples of a least positive 
member. This latter case always obtains for a nonconstant periodic 
function with domain ® that has at least one point of continuity. 
(Cf. [36], p. 549.) 


10. An irrational function. 

The function +/z is not a rational function (cf. Example 4, Chapter 
1) since it is undefined for x < 0. 

The function [z] is not a rational function since it has discontinuities 
at certain points where it is defined. 

The function | z | is not a rational function since it fails to have a 
derivative at a point at which it is defined. 

The function ~z? + 1 is not a rational function. This can be 
seen as follows: If+/22 + 1 = f(x)/g(2) for all z, then +/22 + 1/z = 
f(x)/xg(x) for all x ¥ 0, and hence limz.+. f(x)/rg(x) = 1. This 
means that f(x) and xg(x) are polynomials of the same degree, and 
therefore limz.—. f(x)/xg(x) = 1, whereaslim,,_.. ~/2? + 1/z = —1. 
(Contradiction. ) 


11. A transcendental function. 

A function f is algebraic iff J a polynomial p(u) = > feo az(x)u*, 
whose coefficients ao(x) , ai(x) , -°+ , @n(x) are real polynomials (that 
is, their coefficients are all real) not all of which are identically zero 
and such that the composite function p(f(z)) vanishes identically on 
the domain of f. A function is transcendental iff it is not algebraic. 

An example of a transcendental function is e*, for if it is assumed 
that 


ao(x) + ay(xje* +--+ + a,(x)e, 


where a(x) is not the zero polynomial, vanishes identically, a contra- 
diction is got by taking the limit as  — —o and using |’Hospital’s 
rule on indeterminate forms to infer the impossible conclusion 

lim ao(r) = 0. 

z->—-, 
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Another example is sin 2, since if 
bo(z) + bi(x) sin x + --- + 6,(z) sin* 2, 


where bo(z) is not the zero polynomial, vanishes identically, then 
bo(kr) = O for all integral k. (Contradiction.) 

Other examples (for similar reasons) are In x (the inverse of e”) and 
the remaining trigonometric functions. 

The following functions listed under Example 10 as irrational are 
algebraic: ~/z, |x| (2| = V2’), and V/2? + I. 


12. Functions y = f(u), u € ®, and u = g(x), x € R, whose 
composite function y = f(g(x)) is everywhere continuous, and 
such that 


lim f(u) = c, lim g(x) = b, lim f(e()) ¥ ec. 


If 
if ux 0, ue R, 


f(u) ° 
u)= 
1 if u=Q, 
then limy.o f(u) = 0. If g(x) = 0 for all x € ®, then, fg(z)) = 1 
for all z, and hence limz..5 fg(x)) = 1. 
This counterexample becomes impossible in case the following 
condition is added: # a= g(x) ¥ b. 


13. Two uniformly continuous functions whose product is not 
uniformly continuous. 

The functions z and sin z are uniformly continuous on ® since 
their derivatives are bounded, but their product x sin x is not unl- 
formly continuous on @. 

In case both functions f and g are bounded on a common domain 
D and uniformly continuous on D, their product fg is also uniformly 
continuous on D. Since any function uniformly continuous on a 
bounded set is bounded there, it follows that the present counter- 
example is possible only when the common domain under consider- 
ation 1s unbounded and at least one of the functions is unbounded. 
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14. A function continuous and one-to-one on an interval and 
whose inverse is not continuous. 

For this example it is necessary that the interval not be a closed 
bounded interval (cf. [34], p. 192), and that the function not be 
strictly real-valued (cf. [34], p. 50, p. 52, Ex. 25). Our example in 
this case is a complex-valued function z = f(x) of the real variable 
zx, with continuity defined exactly as in the case of a real-valued 
function of a real variable, where the absolute value of the complex 
number z = (a, b) is defined 

|2| = |G, b)| = (a? + b2)2, 
Let the function z = f(x) be defined: 
z= f(x) = (cs g, sin 2), OS 2 < 2x. 
Then f mapsthe half-open interval [0, 27) onto the unit circle | z| = 1 
continuously and in a one-to-one manner. Since the unit circle is 


compact the inverse mapping cannot be continuous (cf. [34], p. 192), 
and fails to be continuous at the point (1, 0). 


15. A function continuous at every irrational point and dis- 
continuous at every rational point. 

If z is a rational number equal to m/n, where m and n are integers 
such that the fraction m/n is in lowest terms and n > 0, let f(x) be 
defined to be equal to 1/n. Otherwise, if x is irrational, let f(z) = 0. 
(Cf. [84], p. 124.) 

It will be shown in Example 10, Chapter 8, that there does not 
exist a function continuous at every rational point and discontinuous 
at every irrational point. 


16. A semicontinuous function with a dense set of points of 
discontinuity. 

The function of Example 15 is upper semicontmuous at every 
point a, since 


lim f(z) = 0 S f(a). 


17. A function with a dense set of points of discontinuity 
every one of which is removable. 
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If a is a rational number and if the function of Example 15 is 
redefined at a to have the value zero, then, since 


lim f(a) = 0 = f@), 
as redefined, f becomes continuous at a. 


18. A monotonic function whose points of discontinuity form 
an arbitrary countable (possibly dense) set. 

If A is an arbitrary nonempty countable set of real numbers, a; , 
Q2,43,°°:*, let >_p, be a finite or convergent infinite series of positive 
numbers with sum 7p (the series being finite iff A is finite, and having 
as many terms as A has members). If A is bounded below and z < 
every point of A, let f(x) = 0. Otherwise, define f(x) to be the sum 
of all terms p,, of > p, such that a, < x. Then f is increasing on &, 
continuous at every point notin A, and discontinuous with a jump 
equal to p,, at each point a, (thatis, limz..,4 f(z) — Hmza,— f(z) = Dp). 

It should be noted that for monotonic functions this example 
illustrates the most that can be attained by way of discontinuities: 
for any monotonic function the set of points of discontinuities is 
countable (ef. [36], p. 59, Ex. 29). Example 1 shows that without 
monotonicity the set of points of discontinuity may be the entire 
domain. 


19. A function with a dense set of points of continuity, and a 
dense set of points of discontinuity no one of which is re- 
movable. 

In Example 18, let the set A be the set © of all rational numbers. 


20. A one-to-one correspondence between two intervals that 
is nowhere monotonic. 


Let f(x) be defined forO0 S$ x £1: 


| x if x 1s rational, 


f(z) = 


lu — a if xis irrational. 


Then there is no subinterval of [0, 1] on which f is monotonic. The 
range of f is again the interval [0, 1] , and f is one-to-one. 
A function having these properties and mapping the interval [a, }] 
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onto the interval [c, d] 1s 


e+ (d— c) -—— 


g(x) = 
d+ (c—d) -— if 
—- @ 


= ~ is rational, 


— a e e e 
is irrational. 
— a 


21. A continuous function that is nowhere monotonic. 

Let fi(z) = |x| for |x| S 4, and let fi(x) be defined for other 
values of x by periodic continuation with period 1, i.e., fifa + n) = 
fi(x) for every real number z and integer n. For n > 1 define f,(z) = 
4—n+1f,(4"-ly), so that for every positive integer n, f, is a periodic 
function of period 4-**!, and maximum value 4-4-*+!, Finally, define 
f with domain @: 


ll 


+00 +0 n—l 
4 , 
>, In( x) = y A. 
n=l n=] 
Since | f.(z) | S 4-4-t!, by the Weierstrass /-test this series con- 
verges uniformly on ®&, and f is everywhere continuous. For any 
point a of the form a = k - 4”, where k is an integer and m is a 
positive integer, f,(a) = O for n > m, and hence f(a) = fi(a) + --- 
+ fn(a). For any positive integer m, let hm be the positive number 
4~2m-1_ Then f,(a + hn) = Oforn > 2m + 1, and hence 
fa + hm) — f(a) = [fila + hn) — fila)] + --- 
+ [fm(a + hm) — fm(a)] 
+ fmiila + hm) + +++ + fomei(a + hm) 


—mhn + (m + 1)hn = hn > 0. 


f(z) 


IV 


Similarly, 

fla — hn) — f(a) 2 —mhn + (m + 1)hn = hn > O. 
Since members of the form a = k-4-™ are dense, it follows that in 
no open interval is f monotonic. 


The above typifies constructions involving the condensation of 
singularities. 
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22. A function whose points of discontinuity form an arbitrary 


given closed set. 
If A is a closed set, define the set B: 


| € F(A) or 
|x € (A) nQ, 
and define the function f: 
1 if c€B, 
H@) “\ if 2¢B. 


If c € A, f is discontinuous at c: if c € F(A) then f(c) = 1 while 
z is a limit point of the set ® \ A, on which f is identically 0; if 
ec € I(A)n © then f(z) = 1 whilec isa limit point of the set I(A) \ Q, 
on which f is identically 0; if c € I(A)\ 9, then f(c) = 0 while c is 
a limit point of the set [(A)n Q, on which f is identically 1. The 
function f is continuous on the set ® \ A, since this set is open and 
f is a constant there. 


23. A function whose points of discontinuity form an arbitrary 
given F, set. (Cf. Example 8, Chapter 4, and Examples 8, 10, and 
22, Chapter 8.) 

A set A is said to be an F, set iff it is a countable union of closed 
sets (cf. Example 8, Chapter 8). Fora given F, set A = A1u A,u->:, 
where Aj, Ao, --- are closed and A, C Any; for n = 1, 2, 
let Ao denote the empty set @, and define the disjoint sets. By, 
n = il, 2, 


An A,- I An An 
seme’! \ Agt) \ L(An\ Ani) or 
XE T(An \ An-1) nd. 
Let the function f be defined: 
(Q-" if «+€ Bn, 
f(z) = : 
0 if 2z ¢ B,u Bou ::: 


If c € A, f is discontinuous at c: if c € (An \ An-1) \ [(An \ Ani) 
then f(c) = 2—* while c is a limit point of a set on which f has values 
differing from 2-" by at least 2-*—'; if c € I(An\ Ani) © then 
fc) = 2-* while c is a limit point of the set Z(An \ An-1) \ Q on 
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which f is identically 0; if c € I(An\ An-1)\ 9, then f(c) = 0 
while c is a limit point of the set 7(A, \ An-1) N © on which f is 
identically 2-*. If c € A, f is continuous at c: if e > 0 is given, 
choose N such that 2-¥ < e; then choose a neighborhood of c 
that excludes A, , Az, «++, Aw and inside which, therefore, f(z) < 
2N < €. 

It should be noted that for any function f on & into & the set of 
points of discontinuity isan F, set (cf. [36], p. 84, Exs. 30-33, p. 332, 
Ex. 41). | 


24. A function that is not the limit of any sequence of con- 
tinuous functions. (Cf. Example 10, Chapter 4.) 

The function f in Example 1 has the property that there is no 
sequence {f,} of continuous functions such that lim,.,.0 fn(x) = f(z) 
for all real x, but the proof is not elementary. For a discussion and 
references, see [10], pp. 99-102. The idea is that f is everywhere 
discontinuous, while any function that is the limit of a sequence of 
continuous functions must have a dense set of points of continuity. 

The characteristic function of the set © of rational numbers is 
the limit of a sequence {g,} of functions each of which is the limit of 
a sequence {h,} of continuous functions, as follows: If {r,} is a 
sequence that is a one-to-one correspondence with domain 9 and 
range ©, define 


Ga) fl if c=rirea,c++, Orta; 
In\X) = ; 
lo otherwise. 
Hach function g, is the limit of a sequence of continuous functions 
each of which is equal to 1 where g,(x) = 1, equal to 0 on closed 
subintervals interior to the intervals between consecutive points 
where g,(x) = 1, and linear between consecutive points that 
are either endpoints of such closed subintervals or points where 
gn(x) = 1. Notice that for each z, {g,(r)} is increasing, while the 
sequence that converges to g,(z) can be chosen to-be decreasing. 


25. A function with domain [0, 1] whose range for every non- 
degenerate subinterval of [0, 1] is [0, 1]. (Cf. Example 27, Chap- 
ter 8.) 

A function having this property was constructed by H. Lebesgue 
(cf. [28], p. 90) and is described in [10], p. 71. (Also ef. [14], p. 228.) 
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If x is an arbitrary number in (0, 1], let its decimal expansion be 
z = 0.a;a203 --- 


where, in case x can be expressed ambiguously by either a terminat- 
ing decimal or one with indefinitely repeated 9’s, it is immaterial 
which expansion is chosen. For definiteness suppose the terminating 
expansion is consistently chosen. The value f(x) depends on whether 
or not the decimal 0.a,asas --- 1s repeating or not — that is, on 
whether the number 0.a,asa; --- is rational or not (cf. [35], p. 178): 


(x) 0 if O.a,asas5 --- is irrational, 

= 

J 0. donQon+20en44 °°° if O.a:a;a5 --- is rational with its 
first repeating segment beginning 
with Aon—1. 

Let J be an arbitrary subinterval of [0, 1], and choose the digits 

Q ,A2,°°* , An—2 80 that both 0.a:a2 --- den_20 and 0.aia2 +--+ dene] 


belong to Z and such that aoen_; is different from both 0 and 1. If 
y = 0.bibebs --- is an arbitrary point in [0, 1], we have only to 
define don-1 = Qon¢1 = °°* = Qin—-s = O and aun_s = 1, with sub- 
sequent a’s with odd subscripts defined by cyclic repetition in groups 
of n, to obtain a number 


Z = 0.AiG203 +> * Gn—101d2n41D20eny3 °° - 
belonging to the interval J and such that the expansion 
0.G10305 *** Gon—3Qon—10end1 °° * 


is & periodic decimal whose first period starts with den_1, and con- 
sequently such that 


f(z) = 0.bibebs eee 


The graph of f is dense in the unit square [0, 1] X [0, 1], although 
each vertical segment {x} xX [0, 1] meets the graph in exactly one 
point. 

A function whose range on every nonempty open interval is ® and 
that is equal to zero almost everywhere (and hence is measurable) is 
given in Example 27, Chapter 8. (Also cf. Example 26, below.) 

Since the unit interval (0, 1] contains infinitely many disjoint 
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open intervals (no two have a point in common— for example, 


nt l’n)? n = 1,2, ---) —thefunction f of the present example 
takes on every one of its values infinitely many times Another ex- 
ample of a function that assumes every value infinitely many times 


is given in Example 9, Chapter 10. 


26. A discontinuous linear function. 

A function f on & into @ is said to be linear iff f(z + y) = f(x) + 
f(y) for all 2% y € @ A function that is linear and not continuous 
must be very discontinuous indeed. In fact, its graph must be dense 
in the plane ® X Q@. For a discussion of this phenomenon, and 
further references, see [10], pp. 108-113. In case f is continuous it 
must have the form f(z) = cx, as can be shown by considering in 
succession the following classes of numbers: I, 9, Q, R. 

Construction of a discontinuous linear function can be achieved 
by use of a Hamel basis for the linear space of the real numbers & 
over the rational numbers © (cf. references 29, 30, and 32 of [10)). 
The idea is that this process provides a set S = {r.} of real numbers 
fa such that every real number z is a unique linear combination of 
a finite number of members of S with rational coefficients pa:t = 
PaTa, + .°°°* + Da,fa,- Lhe function f can now be defined: 


S(e) = Da, + °°* + Days 


since the representation of z as a linear combination is unique. The 
linearity of f follows directly from the definition, and the fact that f 
is not continuous follows from the fact that its values are all rational 
but not all equal (f fails to have the intermediate value property). 


27. For each n € Os n(2n + 1) functions ¢xj), j = 1, 2, 
oo ym,ti=1,2,---,2n + l, satisfying: 
(a) All ¢;Ax;) are continuous on (0, 1]. 
(b) For any function f(x, x2, °--*, X,) continuous for 
O S mM, X23 -°° , Xn S&S 1, there are 2n + 1 functions y,, 
i= 1,2, ---,2n + 1, each continuous on @, such that 


2nt+1 n 
fleyses ++ 80) = 2 Wi (2 bales) 
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This theorem is due to A. N. Kolmogorov [26] and resolves a 
famous problem posed by D. Hilbert. Stated as a solution of Hil- 
bert’s (thirteenth) problem, the above result reads: Every continuous 
function f(x1, 22, °-**, In) of n real variables, 0 S 21, 22, -°-, 
tn & 1, may be expressed as a sum (the sum >> 721° above) of the com- 
posites of continuous functions of singlevariables and sums of continuous 
functions of single variables (the sums }>*; above). 

The proof is highly ingenious, although it is accessible to any reader 
with the patience to trace through a rather straightforward mul- 
tiple induction. 

We note only that the functions ¢,; are universal in that they do 
not depend on f. The functions y;, while not independent of f, are not 
uniquely determined by f (even after the functions ¢;; have been con- 
structed). Details will be found in the cited reference. 
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Differentiation 


Introduction 
In some of the examples of this chapter the word derivative is 
permitted to be applied to the infinite limits 
lim fe th) = fle) _ +4 ©, lim flx +h) — f(z) _ 
h-»0 h h+0 h 
However, the term differentiable function is used only in the strict 
sense of a function having a finite derivative at each point of its 
domain. A function is said to be infinitely differentiable iff it has 
(finite) derivatives of all orders at every point of its domain. 

The exponential function with base e is alternatively denoted 
é and exp (2). 

As in Chapter 2, all sets, including domains and ranges, will be 
assumed to be subsets of ® unless explicit statement to the contrary 
is made. This assumption will remain valid through Part I of this 
book, that is, through Chapter 8. 


— 0, 


1. A function that is not a derivative. 

The signum function (cf. the Introduction, Chapter 1) or, indeed, 
any function with jump discontinuities, has no primitive — that is, 
fails to be the derivative of any function — since it fails to have the 
intermediate value property enjoyed by continuous functions and 
derivatives alike (cf. [34], p. 84, Ex. 40). An example of a discon- 
tinuous derivative is given next. 
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2. A. differentiable function with a discontinuous derivative. 
The function 
2” sin 1 if z 0, 
f(z) = x 
0 ifz=0, 


has as its derivative the function 


2x sint — cost if e <0, 
f(z) = H 
0 if c= 0, 


which is discontinuous at the origin. 


3. A discontinuous function having everywhere a derivative 
(not necessarily finite). 

For such an example to exist the definition of derivative must be 
extended to include the limits + ©. If this is done, the discontinuous 
signum function (Example 1) has the derivative 


0 if z ~ 0, 


aa) = if z= 0. 


4. A differentiable function having an extreme value at a 
point where the derivative does not make a simple change in 


sign. 
The function 


(24 sin) ifz ~ 0, 


f(z) = 
0 ifz = 0 
has an absolute minimum value at z = 0 . Its derivative is 
2| 40 (2 + sin) - cos + ifz ~ 0, 
f(z) = af af 
0 ifz = 0, 


which has both positive and negative values in every neighborhood 
of the origin. In no interval of the form (a, 0) or (0, b) is f monotonic. 
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5. A differentiable function whose derivative is positive at a 
point but which is not monotonic in any neighborhood of the 
point. 
The function 
2+ 2%sin! itz 0, 
flz) = z 

0 fz = 0 
has the derivative 


1+ 4x sin = — 2e08 = fz =~ 0, 


f(z) = 
1 if rz = 0. 
In every neighborhood of 0 the function f’(z) has both positive and 
negative values. 


6. A function whose derivative is finite but unbounded on a 
closed interval. 
The function 


f(z) = x 
0 ifz= 
has the derivative 
. il 1 
22 sin cos— ifz ~ 0, 
f (2) = z x 
0 fz = 0, 


which is unbounded on [—1, 1]. 


7. A function whose derivative exists and is bounded but pos- 
sesses no (absolute) extreme values on a closed interval. 


The function 


« —tet 


re sin 8 if z ~ 0, 
f(z) = 


ss 
0 ifz = 0 
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has the derivative 
( —}z2 3 1° ° 8 8 ° 
e (42° — 32°) sin 8, — 24 008 8] if «<0, 
f(a) = ao 

0 if «= 0. 
In every neighborhood of the origin this derivative has values ar- 


bitrarily near both 24 and —24. On the other hand, for0 < h = 
|x| < 1 (ef. [84], p. 83, Ex. 29), 


—}z2 _ lye _ 322 
0<e* <1-—Zhe™ <1- Fh, 
and 
3 1s5\. 8 _ 8] - 943 
(42 x2) sin § 24 cos S 24+ 5h. 


Therefore 0 < h = 1 implies 


If (x) | < 1— 272) (04 4 278) < 24 — 2 — fh) € 24. 
16 2 2 

Therefore, on the closed interval [—1, 1] the range of the function 

f’ has supremum equal to 24 and infimum equal to —24, and neither 

of these numbers is assumed as a value of f”’. 


8. A function that is everywhere continuous and nowhere 
differentiable. 

The function |2z| is everywhere continuous but it is not dif- 
ferentiable at x = 0. By means of translates of this function it is 
possible to define everywhere continuous functions that fail to be 
differentiable at each point of an arbitrarily given finite set. In the 
following paragraph we shall discuss an example using an infinite 
set of translates of the function | z |. 

The function of Example 21, Chapter 2, is nowhere differentiable. 
To see this let a be an arbitrary real number, and for any positive 
integer n , choose h, to be either 4-"—! or —4-*—! so that | f,(@ + ha) — 
fri(a)| = |ha|. Then |fn(a + ha) — fm(a) | has this same value 
|h, | for all m < n, and vanishes for m > n. Hence the difference 
quotient (f(a + hn) — f(a))/h, is an integer that is even if n is even 
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and odd if n is odd. Jt follows that 
lim fla + hn) ~~ f(a) 


N—»+00 n 


cannot exist, and therefore that f’(a) cannot exist as a finite limit. 
The first example of a continuous nondifferentiable function was 
given by K. W. T. Weierstrass (German, 1815-1897): 


-F00 
f(z) = 2d, b” cos (a"rx), 


where b is an odd integer and a is such that 0 < a < 1 and ab > 
1 + 2x. The example presented above is a modification of one given 
in 1930 by B. L. Van der Waerden (cf. [48], p. 353). There are now 
known to be examples of continuous functions that have nowhere a 
one-sided finite or infinite derivative. For further discussion of these 
examples, and references, see [48], pp. 350-354, [10], pp. 61-62, 115, 
126, and [21], vol. II, pp. 401-412. 

The present example, as described in Example 21, Chapter 2, 
was shown to be nowhere monotonic. For an example of a function 
that is everywhere differentiable and nowhcre monotonic, see [21], 
vol. II, pp. 412-421. Indeed, this last example gives a very elaborate 
construction of a function that is everywhere differentiable and has 
a dense set of relative maxima and a dense set of relative minima.* 


9. A differentiable funetion for which the law of the mean 
fails. | 

Again, we must go beyond the real number system for the range of 
such a function. The complex-valued function of a real variable z, 


f(x) = cosx+7sin g, 


is everywhere continuous and differentiable (cf. [34], pp. 509-513), 
but there cxist no a, 6, and such that a < § < b and 


(cos b +72 sin b) — (cos a+7 sin a) = (—sin — +7 cos £)(b — a). 
Assuming that the preceding equation zs possible, we cquate the 


squares of the moduli (absolute values) of the two members: 


* See also A. Denjoy, Bull. Soc. Math. France, 43 (1915), pp. 161-248 (228ff.). 
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(cos b — cos a)? + (sin b — sin a)? = ( — a)? 
or, with the aid of elementary identities: 
, a) 
sin —>— = 5 )- 
Since there is no positive number hk such that sin h = h (cf. [34], 
p. 78), a contradiction has been obtained. 


10. An infinitely differentiable function of x that is positive 
for positive x and vanishes for negative x. 
The function 


_ few" if 2x>0, 
fle) = {6 if 2 <0 


is infinitely differentiable, all of its derivatives at x = 0 being equal 
to 0 (cf. [34], p. 108, Ex. 52). 


ll. An infinitely differentiable function that is positive in 
the unit interval and vanishes outside. 


_ fever if O<2 <1, 
f(a) = ‘6 otherwise. 


12. An infinitely differentiable “bridging function,” equal to 1 
on [1, +), equal to 0 on (— ©, 0], and strictly monotonic on 
(0, 1]. 


1 1 . 
en| en (-74)| if 0<2z< 1, 
H(z) = {9 if r<0, 
1 f #2. 


13. Aninfinitely differentiable monotonic function f such that 
lim f(x) = 0, _—ilim f(x) ¥ 0. 
2-»-tco cota 


If the word monotonic is deleted there are trivial examples, for 
instance (sin x”)/x. For a monotonic exampke, let f(x) be defined to 
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be equal to 1 for z S 1, equal to 1/non the closed interval [2n — 1, 2n)], 
for n = 1, 2, --- , and on the intervening intervals (2n, 2n + 1) 
define f(z) by translations of the bridging function of Example 12, 
with appropriate negative factors for changes in the vertical scale. 
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Riemann Integration 


Introduction 

The definition of Riemann-integrability and the Riemann (or def- 
inite) integral of a function f defined on a closed interval [a, }], 
together with the principal elementary properties of this integral, 
will be assumed known. The same is the case for the standard im- 
proper integrals and, in Example 14, for the Riemann-Stieltjes 
integral. 

In some of the examples of this chapter the concept of measure zero 
is imporjant. A set A C @ is said to be of measure zero iff for any 
€ > 0 there is an open covering of A consisting of a countable collec- 
tion of open intervals whose lengths form a convergent infinite series 
with sum less than ¢. The interior of every set of measure zero is 
empty. A point-property is said to hold almost everywhere iff 
the set where the property fazls is of measure zero. A function f whose 
domain is a closed interval [a, b] 1s Riemann-integrable there iff it 
is bounded and continuous almost everywhere (cf. [36], p. 153, Ex. 
54). 


1. A function defined and bounded on a closed interval but not 
Riemann-integrable there. 

The charactenstic function of the set © of rational numbers, 
restricted to the closed interval [0, 1], is not Riemann-integrable 
there (cf. [34], p. 112). 


2. A Riemann-integrable function without a primitive. 
The signum function (Example 1, Chapter 3) restricted to the 
interval [—1, 1] is integrable there, but has no primitive there. 
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3. A Riemann-integrable function without a primitive on any 
interval. 

Example 18, Chapter 2, with A = ©Qn[0, 1], is integrable on 
[0, 1] since it is monotonic there, but has no primitive on any sub- 
interval of [0, 1] since its points of jump discontinuity are dense 
there. 


4. A function possessing a primitive on a closed interval but 
failing to be Riemann-integrable there. (Cf. Example 35, Chap- 
ter 8.) 

The function f of Example 6, Chapter 3, is an example of a func- 
tion having a (finite) derivative g(x) at each point x of a closed in- 
terval J. The function g, therefore, has a primitive but since g is 
unbounded it is not Riemann-integrable on I. 

The two preceding examples (Examples 3 and 4) are of interest 
in connection with the Fundamental Theorem of Calculus. One form 
of this theorem states that if a function f(z) (2) 7s integrable on the 
interval [a, 6] and (27) has a primitive F(x) there (F’(x) = f(x) for 
a < x S 5), then the Riemann integral of f(z) can be evaluated by 
the formula J > f(z) dx = F(b) — F(a). A second form of this theorem 
states that if a function f(z) is continuous on the interval [a, 5], 
then both (7) and (iz) of the preceding form are true, with G(z) = 
J ai (t) dt being a specific primitive, and for any primitive F(z), 
J 2 f(x) dx = F(b) F(a). A third form of the theorem reads the 
same as the first form stated above, except that the function F(z) 
is assumed merely to be continuous on [a, b] and to possess a deriva- 
tive F’(x) equal to f(x) at all but a finite number of points of [a, 0]. 


5. A Riemann-integrable function with a dense set of points 
of discontinuity. 

Example 3 provides a monotonic function having the specified 
properties. 

Example 15, Chapter 2, provides a nowhere monotonic function 
having the specified properties. In this latter case [2f(x) dz = 0 
for alla and b. 


6. A function f such that g(x) = J of(t) dt is everywhere dif- 
ferentiable with a derivative different from f(x) on a dense set. 


If f is the function of Example 15, Chapter 2 (cf. the preceding 
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Example 5), 9(z) = {% f(t) dtis identically zero, and therefore g’(z) = 0 
for all x. Therefore g'(z) = f(z) iff z is irrational. 


7. Two distinct semicontinuous functions at a zero ‘‘dis- 
tance.”’ | 

In this case the distance d between two functions f and g in- 
tegrable on [a, b] is defined to be the integral of the absolute value of 
their difference: 


d= [ | f(z) — g(x) | dz. 


If f is the semicontinuous function of the preceding example (ef. 
Example 16, Chapter 2) and if g is identically zero, then f(z) and 
g(x) are unequal for all rational values of x (and thus f and g are 
decidedly distinct functions), while the distance d defined above is 
equal to zero. 


8. A Riemann-integrable function with an arbitrary F, set of 
measure zero as its set of points of discontinuity. (Cf. Example 


22, Chapter 8.) 
Somewhat asin Example 23, Chapter 2, let A be a given F, set of 
measure zero, A = A; U Ap U ---, where Aj, Ag, --: are closed 


subsets of an interval [a, 6] and A, C Any: form = 1, 2, +--+ . Let 
Ao denote the empty set 2, and define the function f: 


rong” fra 


If c€ A, f is discontinuous at c: if c€ A, \An-i, then since 
An \ An-1 iS & Set of measure zero it contains no interior points and 
cis a limit point of a set on which f has values differing from 2 by 
at least 2-"—1. _Ifc € A, fiscontinuous atc :if ¢ > 0 is given, choose 
N such that 2-¥ < e ; then choose a neighborhood of c that excludes 
Ai, Ae, --: , Aw and inside which, therefore, f(z) < 2-¥ < «. 


9. A Riemann-integrable function of a Riemann-integrable 
function that is not Riemann-integrable. (Cf. Example 34, 
Chapter 8.) 

If f(x) = 11f 0 < x S 1 and f(0) = 0, and if g is the function f 
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of Example 15, Chapter 2, restricted to the closed interval [0, 1], 
then f(g(x)) is the characteristic function of the set © of rational 
numbers, restricted to [0, 1], equal to 1 if x is rational and equal to 
O if x is irrational. (Cf. Example 1 of this chapter.) 


10. A bounded monotonic limit of Riemann-integrable func- 
tions that is not Riemann-integrable. (Cf. Example 33, Chapter 
8.) 

The sequence {g,} defined in Example 24, Chapter 2, when re- 
stricted to the closed interval [0, 1], is an increasing sequence of 
Riemann-integrable functions; that is, for each z € (0, 1], g,(x) S 
9n4i(x) forn = 1,2, ---. If g(x) = lim gx(x) for x € [0, 1], then 
g is the characteristic function of the set @ of rational numbers, re- 


stricted to the closed interval [0, 1] , and thus (cf. Example 1) g is not 
Riemann-integrable there. 


11. A divergent improper integral that possesses a finite Cauchy 
principal value. 

The improper integral { *° x dz is divergent, but its Cauchy prin- 
cipal value (cf. [34], p. 145, Ex. 30) is 


lim [saz = lim 0 = 0. 
a->+eo a->-+-00 


12. A convergent improper integral on [1, +) whose in- 
tegrand is positive, continuous, and does not approach zero 
at infinity. 

For each integer n > 1 let (gn) = 1, and on the closed intervals 
[n — n-~?, n] and [n, n + n-] define g to be linear and equal to 0 at 
the nonintegral endpoints. Finally, define g(x) to be 0 for x = 1 where 
g(x) is not already defined. Then the function 


lz) = g(x) + 5 


is positive and continuous for x = 1, the statement lim f(z) = 0 is 
&2-}-00 
false, and the improper integral 


[1 dx 


converges. 
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If the requirement of positivity is omitted, a simple example 
satisfying the remaining requirements (cf. [34], p. 146, Ex. 43) is 
fi cos 2? de. 


13. A convergent improper integral on (0, + ©) whose in- 
tegrand is unbounded in every interval of the form [a, +), 
where a > 0. 

The improper integral [¢°z cos x‘ dz satisfies these conditions 
(cf. [34], p. 146, Ex. 43). 

An example where the integrand i is everywhere positive and con- 
tinuous can be constructed in a manner similar to that of the preced- 
ing Example 12 by letting g(n) = n and considering the closed 
intervals [n — n-3, n] and [n , n + n-'J. 


14. Functions f and g such that f is Riemann-Stieltjes in- 
tegrable with respect to g on both [a, b] and [b, c] , but not 


on [a, c}. 
Let 
_ if OS 2 <1, 
Kz) = if lszr< 2, 
(x) = 0 if Of27 £1, 
MI =\1 if 1<2 <2, 


and let a = 0,b = 1, andc = 2. Then 
1 2 
[ se) age) = 0, [ F@) ag(z) = 
0 1 | 
but since f and g have a common point of discontinuity at z = 1, 
2 
[ $2) ag() 


does not exist (cf. [34], p. 151, Ex. 10). 


Chapter 5 


Sequences 


Introduction 

The concepts of sequence, Cauchy sequence, convergence, and d- 
vergence are defined in the Introduction to Chapter 1. Limits superior 
and wferior at a (finite) point for functions are defined in the In- 
troduction to Chapter 2. The corresponding formulations for se- 
quences of real numbers will be assumed as known. The first six 
examples of the present chapter are concerned only with sequences 
of real numbers. For such sequences it should be emphasized that 
although the word limit is sometimes used in conjunction with the 
word infinite, the word convergent always implies a finite limit. It will 
be assumed (in Example 7) that the reader. is faniiliar with the de- 
finition and elementary properties of uniform convergence of func- 
tions. Convergence and divergence for sequences of sets are defined 
with Example 8 for use with Examples 8 and 9. Throughout this 
book the single word sequence will be used to mean infinite sequence 
unless it is otherwise specifically modified. 


1. Bounded divergent sequences. 
The simplest example of a bounded divergent sequence 3 possibly 


0.1,0,1,--:, 


or {a,}, where a, = 0 if nis odd anda, = 1 isn is even. Equivalently, 
d, = 3(1 + (—1)*). 

A more extreme example is the sequence {r,} of rational numbers 
in (0, 1] — that is, {r,} is a one-to-one correspondence with domain 
9 and range © n [0, 1]. 
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2. For an arbitrary closed set, a sequence whose set of limit 
points is that set. 

Any point that is the limit of a subsequence of a sequence {a,} is 
called a limit point or subsequential limit of the sequence. Any 
limit point of the range of a sequence is a limit point of the sequence, 
but the converse statement is not generally true. Counterexample: 
the alternating sequence 0, 1, 0, 1, --- has two limit points, 0 and 
1, but its range has none. 

Since the set of all limit points of a sequence {a,} is the closure of 
the range of {a,}, this set is always closed. The following example 
shows that every closed set A can be got in this way; in fact, that A 
is the set of limit points of a sequence {a,} of distinct points. It will 
follow that A is not only the set of limit points of the sequence {an}, 
but the set of limit points of its range as well. 

If A is the empty set, let a, = n for n = 1, 2, --- . Now let A 
be an arbitrary nonempty closed set (of real numbers), and let 
{r,} be an arrangement into a sequence of distinct terms of the set 
© of all rational numbers ({7,} is a one-to-one correspondence with 
range ©). The sequence {a,} whose set of limit points is A will be a 
subsequence of {r,} defined recursively as follows: We start by 
partitioning ® into the four disjoint intervals (— ©, —1), [—1, 0), 
(0,1) and [1, +o). If An(—, —1) # @, let a, be the first term 
of the sequence {r,} belonging to (— ©, —1);if An(—~», —1) = @ 
and An[—1, 0) + @, let a; be the’ first term € [-—1, 0); if 
An(—, 0) = @, and An/[0, 1) ¥ Q, let a, be the first term € 
[0, 1); finally, if A n (— ©, 1) = Q, let a; be the first term € [1, + ©). 
After a; is selected, a distinct from a; is determined in like fashion by 
considering the intervals [—1, 0) , [0, 1), and [1, +0) in turn — un- 
less An [—1, +-©) = Q, in which case only a; is determined at this 
stage. In any case, at least one term a; and at most four terms 4a), a2, 
ds, a4 of the sequence {a,} are thus defined. The second stage pro- 
ceeds similarly, in terms of the partition of ® into the 2-22 + 2 = 10 
intervals (— ©, —2), [—2, —4) a) (3, 2) ’ [2, +), At each step, 
after a1, de, -+*, @, are chosen, the term a,,4; is chosen from an 
interval J in case AnI + Q, any: being the first term of 7, dzstinct 
from those already selected and belonging to I . The kth set of k-2* + 2 
intervals consists of (— ©, —k),[— k,—k+ 2-**}), ---, [k — 2-*+, k), 
[k, +o). It is not difficult to show that the sequence {a,}, thus 
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defined recursively, has the properties elaimed. Notice that if A = @, 

then {a,} is a one-to-one correspondence with range © — presumably 

distinct from {r,}. 

3. A divergent sequence {a,} for which lim (a,;, — a,) = 0 
NR >+00 

for every positive integer p. 

Let a, be the nth partial sum of the harmonic series: 
1 
Q,=1+344+ oT. 


Then {a,} is divergent, but for p > 0, 
1 1 p 
_—— ne 
n+1 ntpinti >” 
It is important to note that the zero limit lim (@a4p — an) = 0 
N—» +o 


dower 


Antp — An = 


is not uniform in p. In fact, for the stated properties to hold, this 
zero limit cannot be uniform in =p since the statement that it 7s uniform 
in p is equivalent to the Cauchy criterion for convergence of a se- 
quence (cf. [34], p. 447, Ex. 43). 

One form of expressing the principal idea of the preceding paragraph 
is the following: If {a,,} diverges, then there exists a strictly increasing 
sequence {p,} of positive integers such that (dnip, — Gn) “ 0. For 
the particular sequence of the partial sums of the harmonic series the 
sequence {p,} can be chosen to be {n}, since in this case 


1 
Ont py — On = —T— + + + 


The following example is related to another aspect of this question 
(with ¢(n) = n + p,). 


4. For an arbitrary strictly increasing sequence {¢,} = {¢(n)} 
of positive integers, a divergent sequence {a,} such that 
lim (ag¢n) — Gn) = 0. 
n-»+oo 

By induction, ¢(n) 2 n for all nm = 1, 2, --- , and more gen- 
erally, d(n + k) 2 n + o(k) for alln andk = 1, 2, --- . Therefore 
lim ¢(n) = +. There are two cases to consider. 
R-> +00 
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If d(n) — nis bounded, say ¢(n) — n S K foralln = 1, 2, ---, 
then the sequence {a,} can be chosen to be the sequence of partial 
sums of the harmonic series, since 
1 ._K_ 
o(n) ~ n+ 

If ¢(n) — n is unbounded, let k be the smallest positive integer 
such that ¢(k) > k, and define a, to be equal to 1 if n = k, ¢(k), 
(¢(k)), --- , and equal to 0 otherwise. Since {¢(n)} is strictly in- 
creasing there exists a subsequence of {a,} identically equal to 1, 
and since ¢(n) — n is unbounded there exists a subsequence of {a,} 
identically equal to 0. Therefore {a,} diverges. On the other hand, 
Ayn) = Gn for every n = 1, 2, --- , and therefore agm) — a, — 0. 

This example can be generalized in various ways. For example, it is 
sufficient to assume merely that ¢(n) — +0 asn — +, and it is 
possible at the same time to require that {a,} be unbounded. Space 
does not permit inclusion of the details. 


—(. 


1 
dein) — On = 7a in 


5. Sequences {a,} and {b,} such that lim a, + lim b, < 
lim (a, + b,) < lim a, + lim b, < lim (a, + b,) < lim a, + 
lim b,. 

Let {a,} and {b,} be the sequences repeating in cycles of 4: 
(a,}:0, 1, 2, 1, 0, 1, 2, 1,0, 1,2, 1,0,1,2,1,---, 
{bn}: 2, 1, 1, 0, 2, 1, 1, 0, 2, 1, 1, 0, 2, 1, 1, 0,---. 

Then the inequality statement specified above becomes 
0<1<2<3 <4. 


6. Sequences {an}, {a2,}, --- such that 


lim (ain + Gan + -) > lim Qin + lim a2, + a 
n-»+00 n»>+o n+»to 
Such an example is given by dm, = 1 if m = n and dma = 0 if 
mx#n,m,n = 1, 2,-°-- , where all infinite series involved converge. 
The inequality stated above becomes 1 > 0. 
It should be noted that the inequality exhibited in this example 
is impossible if there are only finitely many sequences. For example, 
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lim (a, + bn) < jim Qn + lim by. 


nm +00 n»t+ 00 


(Cf. [34], p. 59, Ex. 19.) 


7. Two uniformly convergent sequences of functions the se- 
quence of whose products does not converge uniformly. 

On any common domain D let f be any unbounded function and let 
the sequences {f,} and {g,} be defined: 


faz) = f(z), — gn(w) = 1/n. 


Then f, — f and gn — 0 uniformly on D , but fg, — 0 nonuniformly 
on D. A specific example is D = &@, f(z) = z. 

It should be noted that if both sequences are bounded and con- 
verge uniformly on D, then the product sequence also converges 
‘uniformly on D. 


8. A divergent sequence of sets. 
The limit superior and limit inferior of a sequence {A,} of 
sets are defined and denoted: 
+0 = +t00 


lim A, = NLU Ag), lim A, = U[Nf A,], 

n—too r=] m=n nN »-+00 n=l] m=n 
respectively. A sequence {A,} is convergent iff lim p-+0 An = lim n+teo 
A, and, in this case, converges to this common value. A sequence of 
sets is divergent iff it fails to be convergent. Since limn.t+0 An = 
{x | x € infinitely many A,} and lima.+. An = {x| x€ all but a finite 
number of A,}, the oscillating sequence A, B, A, B, A, B, --- has 
limit superior equal to the union Au B and limit inferior equal to 
the intersection An B. Such a sequence therefore converges iff 
A =B. 

The close analogy between this example and the alternating se- 

quence {a, b, a, b, ---} of numbers (cf. Example 1, above) should not 
escape notice. 


9. A sequence {A,} of sets that converges to the empty set but 
whose cardinal numbers — -+ ©, 

Let A, be defined to be the set of n positive integers greater than 
or equal to n and less than 27: 


ay | 
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An = {m|mE Wn Sm < 2n}, n=1,2,--- 


Then, since no positive integer belongs to infinitely many of the 
sets of {A,}, the limit superior and limit inferior are both empty. 

The preceding example can be visualized in terms of placing pairs 
of billiard balls, which bear numbers 0, 1, 2, --- , into a bag while 
repeatedly withdrawing one. For example, at one minute before 
noon balls numbered 0 and 1 are placed in the bag and ball number 
0 is removed. At 4 minute before noon balls numbered 2 and 3 are 
added, and ball number 1 is removed. At 4 minute before noon balls 
4 and 5 are added and ball number 2 is taken out. This process is 
continued, and the question is asked: ‘“How many balls are in the 
bag at noon?” Answer: “‘None.” 

Since the natural numbers can be put into a one-to-one correspond- 
ence with their reciprocals, and since as subsets of ® all finite sets are 
compact (closed and bounded), all of the sets A, of this example are 
compact, and can even be assumed to be uniformly bounded (con- 
tained in the same bounded interval). If the sequence {An} is as- 
sumed to be decreasing (Anti C An for n = 1, 2, ---), then the limit 


lim,.;0 4a is the same as the intersection An, and may be 
empty even though the cardinal number of every An is infinite and 
even though every A,» is bounded (example: {2 - 4 i? =) or 
closed (example: {n,n + 1, --:}) but not both. (Cf. [34], p. 201.) 


52 


Chapter 6 
Infinite Series 


Introduction 

Unless explicit statement to the contrary is made, all series con- 
sidered in this chapter will be assumed to be real, that is, consisting 
of terms that are real numbers. If {s,} is the sequence of partial sums 
of an infinite series }>a, = a1 + G2 + -:: + a, + -:-, that is, 
Sx =&+--- +a, forn = 1,2, - "the series in is said to con. 
verge iff limy.+.0. S, exists and is finite. This limit sis called the sum 
of the series > \a,, with the alternative notations: 


Da, = Yom = 5 


The series > a, is said to diverge iff it fails to converge, that is, 
iff lim, .;0Qn is infinite or fails to exist. The statement Dan = + 0 
means that limnsioSn = -+ ©. A sequence {a,} or a series >a, is 
nonnegative or positive iff a, 2 0 forevery nora, > 0 for every n, 
respectively. Foranonnegativeseries >_a,, the statement +a, < + 0 
means that the series converges, and the statement > an = +0 
means that the series diverges. 

For certain purposes series may start with a term ao, in which case 
> a, should be interpreted to mean Diam 00hn or the sum of this series. 
For a power series > x=00,2", the term aor’ should be understood to 
mean ay even when x = 0; that is, for present purposes O° = 1. For 
a Maclaurin series 

> f( 0) 


n=0 n! 
the term for n = 0 is f(); in other words, f(x) = f(z). 


- 
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1. A divergent series whose general term approaches zero. 
The harmonic series }>1/n. 


2. A convergent series >a, and a divergent series >_b, such 
that a, = b,, m = 1, 2, “ee 
Let a, = 0 and b, = —l/n,n = 1,2,°°-. 


3. A convergent series >a, and a divergent series >_.b, such 
that |a, | 2 |6,|,n = 1,2,---. 

Let > a, be the conditionally convergent alternating harmonic 
series >.(—1)"#"/n, and let > b, be the divergent harmonic series 
> 1 /n. 


4. For an arbitrary given positive series, either a dominated 
divergent series or a dominating convergent series. 

A nonnegative series > a, is said to dominate a series >}, iff 
a, = |b,| for n = 1, 2, ---. If the given positive series is ) bp, 
let a, = b,forn = 1,2,---.Thenif > b, diverges it dominates the 
divergent series > \a,, and if > b, converges it is dominated by the 
convergent series >_a,. The domination inequalities can all be made 
strict by means of factors 4 and 2. 

This simple result can be framed as follows: There exists no positive 
series that can serve simultaneously as a comparison test series for 
convergence and as a comparison test series for divergence. (Cf. Example 
19, below.) 


5. A convergent series with a divergent rearrangement. 

With any conditionally convergent series > a,, such as the alter- 
nating harmonic series >.(—1)"*1/n, the terms can be rearranged 
in such a way that the new series is convergent to any given sum, 
or is divergent. Divergent rearrangements can be found so that the 
sequence {s,} of partial sums has the limit + ©, the limit — ©, or 
no limit at all. In fact, the sequence {s,} can be determined in such 
a way that its set of limits points is an arbitrary given closed interval, 
bounded or not (cf. Example 2, Chapter 5). The underlying reason 
that this is possible is that the series of positive terms of > a, and 
the series of negative terms of > a, are both divergent. 
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To be specific we shall indicate a rearrangement of the series 
>(—1)"*+1/n such that the sequence {s,} of partial sums has the 
closed interval [a, b] as its set of limit pomts. We start with the single 
term 1, and then attach negative terms: 


terms: 

1 
2k+1 
until the sum first is greater than 6 . Continuing with this idea we 
adjoin negative terms until the sum first is less than a ; then positive 
terms until the sum first exceeds b; then negative terms, etc., ad 
infinitum. Since the absolute value 1/n of the general term (—1)*+?/n 
approaches zero, it follows that every number of the closed interval 
(a, b] is approached arbitrarily closely by partial sums s, of the re- 
arranged series, for arbitrarily large n. Furthermore, for no number 
outside the interval [a, b] is this true. 

In the procedure just described, if the partial sums are permitted 
to go just above 1, then just below —2, then just above 3, then just 
below —4, etc., the sequence of partial sums of the rearranged series 
has the entire real number system as its set of limit points. 

W. Sierpinski (cf. [43]) has shown that if > a, is a conditionally 
convergent series with sum s, and if s’ < s, then for some rearrange- 
ment involving the positive terms only (leaving the negative terms 
in their original positions) the rearranged series has sum s’. A similar 
remark applies to numbers s” > s and rearrangements involving only 
negative terms. This is clearly an extension of the celebrated ‘“Rie- 
mann derangement theorem’’ (cf. [36], p. 232, Theorem III), illus- 
trated in all its essentials by the discussion in Example 5. 

In a different direction, there is an extension that reads: If ) a, is 
a conditionally convergent series of complex numbers then the sums 
obtainable by all possible rearrangements that are either convergent 
or divergent to © constitute a set that is either a single line in the 
complex plane (including the point at infinity) or the complex plane 
in toto (including the point at infinity). Furthermore, if > v, is a 


1 1 1 
l1---—-i-...-— stgtateot 
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conditionally convergent series of vectors in a finite-dimensional space, 
then the sums obtainable by all possible rearrangements constitute 
a set that is some linear variety in the space (cf. [47]). 


6. For an arbitrary conditionally convergent series >a, and 
an arbitrary real number x, a sequence {£,} , where |&| = 1 
for n = 1, 2, --- , such that > En On = %. 

The procedure here is similar to that employed in Example 5. 
Since >.|a, | = +o , we may attach factors ¢, of absolute value 1 
in such a fashion that €1 a; + °° + &s@a = |ai|+--- +la,|> 2. 
Let 7 be the least value of n that ensures this inequality. We then 
provide factors €, , of absolute value 1, for the next terms in order to 
obtain (for the least possible 72): 


£10; +++ + &a, Gn, = [G1 | +--+ +] a,, | 
— [Qui | — -°* — | an, | <2. 


If this process is repeated, with partial sums alternately greater than 
z and less than 2, a series > & a, is obtained which, since a, — 0 
asn— + ©, must converge to x. 


7. Divergent series satisfying any two of the three conditions 
of the standard alternating series theorem. 
The alternating series theorem referred to states that the series 


> €n Cn, Where || = 1 and c > 0, n = 1, 2, -:- , converges 
provided 

(2) és = (—1)*4), n=1,2,-:-, 

(22) Carl S Cn) r= I, 2, vey 


(227) limyn.toCn = 0. 
No two of these three conditions by themselves imply convergence; 
that is, no one can be omitted. The following three examples demon- 
strate this fact: 

(1): Lete, = 1, = l/nn = 1,2, --- . Alternatively, for an 
example that is, after a fashion, an “alternating series” let {¢,} be 
the sequence repeating in triplets: 1, 1, —1,1,1, -—1,---. 

(at): Let c, = I/nif n is odd, and letc, = 1/n? if n is even. 
(222): Let ce, = (n + 1)/n (or, more simply, let c, = 1), 2 = 1, 


2; 
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8. A divergent series whose general term approaches zero and 
which, with a suitable introduction of parentheses, becomes 
convergent to an arbitrary sum. 

Introduction of parentheses in an infinite series means grouping of 
consecutive finite sequences of terms (each such finite sequence con- 
sisting of at least one term) to produce a new series, whose sequence 
of partial sums is therefore a subsequence of the sequence of partial 
sums of the original series. For example, one way of introducing 
parentheses in the alternating harmonic series gives the series 


1 1 1 
(-3)+G-a)+~ 
_ 1 Pa... 
=“jpataagt T Gp 1)-2n 


4... 
Any series derived from a convergent series by means of introduction 
of parentheses is convergent, and has a sum equal to that of the given 
Series. 

The final rearranged series described under Example 5 has the 
stated property since, for an arbitrary real number, a suitable intro- 
duction of parentheses gives a convergent series whose sum is the 
given number. 


9. For a given positive sequence {b,} with limit inferior zero, 
a positive divergent series >a, whose general term approaches 
zero and such that lim,.....a, /b, = 0. 


Choose a subsequence bn,, bn., °°: , On, °*- Of nonconsecutive 
terms of {b,} such that limz,4.b,, = 0, and let an, = b%, fork = 
1,2,---. For every other value of n:n = m1, M2, ms, °°* , M5, °°° , 


let dm; = 1/j. Thena, > 0 asn— + o, > a, diverges, and On,/ bn, = 
bn, > Oask—> +, 

This example shows (in particular) that no matter how rapidly a 
positive sequence {b,} may converge to zero, there 1s a positive 
sequence {a,} that converges to zero slowly enough to ensure di- 
vergence of the series >On, and yet has a subsequence converging to 
zero more rapidly than the corresponding subsequence of {bn}. 


10. For a given positive sequence {b,} with limit inferior zero, 
a positive convergent series > a, such that limys+. An/bn = +. 
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Choose a subsequence b,,, On,, --° , On, -°* Of {b,} such that for 
each positive integer k, ba, < k—%, and let an, = k~ for k = 1, 2, 
For every other value of 7 let a, = n-?. Then >a, < +0, while 


On/buy, = kK > +. 

This example shows (in particular) that no matter how slowly a 
positive sequence {b,} may converge to zero, there is a sequence 
{a,} of positive numbers that converges to zero rapidly enough to 
ensure convergence of the series > a,, and yet has a subsequence 
converging to zero more slowly than the corresponding subsequence 
of {bn}. 


11. For a positive sequence {c,} with limit inferior zero, a 
positive convergent series > a, and a positive divergent series 
> b, such that a,/b, = cn, n = 1, 2, --- 


Choose a subsequence Cy,, Cane, *°* , Cry, °° Of {cn} such that for 
each positive integer k, tn, < k-?, and let aa, = Ca,, ba, = 1 for 
k = 1,2,--- . For every other value of n let a, = n-?, by = (nea)—). 
Then > a, converges, » diverges since b, + 0asn — +0, and 


an/b,n = cy for n = 1, 2, - 

This example shows (in particular) that no matter how slowly a 
positive sequence {c,} may converge to zero, there exist positive 
series of which one is convergent and the other is divergent, the 
quotient of whose nth terms is cn. 


12. A function positive and continuous for x 2 1 and such 
that J }°f(x)dx converges and > ,-:f(n) diverges. 
Example 12, Chapter 4. 


13. A function positive and continuous for x 2 1 and such 
that {i°f(x)dx diverges and > \;=: f(n) converges. 

For each n > 1 let g(n) = O, and on the closed intervals 
{n — n—, n} and [n, n + n-— define g to be linear and equal to 1 at 
the nonintegral endpoints. Finally, define g(x) to be 1 for x = 1 
where g(x) is not already defined. Then the function 


f(x) = glx) + 5 


is positive and continuous for x = 1, fi°f(z)dx = +, and 


en f(n) = yr n< + oo, 7 
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14. Series for which the ratio test fails. 
For a positive series > a, the ratio test states (cf. [34], p. 390) 
that if the limit 


Qnt+1 


lim 
nro Ay, 
exists in the finite or infinite sense (0 
(i) if 0 S p < 1, >-a, converges; 
(ii) if1 <p S$ + ~, Da, diverges. 
The statement that if p = 1 the test fails is more than an empty 
statement. It means that there exist both convergent and divergent 
positive series for each of which p = 1. Examples are 


Sp +~), then 


+00 1 +00 1 
Lig md Le, 


respectively. 

The ratio test may also fail by virtue of the nonexistence of the 
limit p. Examples of convergent and divergent positive semes are 
respectively 


+00 
2" = 5 + 5 —— : + 53 5 + 5 stat: 


n=] — 92 
where 
fim = 2 and lim SH = 1, 
noto An nsoto Ay, 8 
and 
-+00 
Da" = 242242427494 954..., 
where 


—— 1 
lim @"=8 and lim @H = =. 
nato Ay, nto An 2 


A refined form of the ratio test states that if 


An+1 


(7) lim < 1, Dd, converges; 


n»t oo 


(tv) iim ™ > 1, doa, diverges. 
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This form of the ratio test may fail as a result of the inequalities 


lim 7 <1s lim Foti 

n>oto An noto An 
Examples for which both equalities and strict inequalities occur are 
given above. 


15. Series for which the root test fails. 
For a nonnegative series > a, the simplest form of the root test 
states (cf. [34], p. 392) that if 


lim ~/a, =¢ 
n-»-teo 


exists in the finite or infinite sense 0 <= o S +o), then 

(i) if 0 S o <1, >a, converges; 

(it) if1 <o S$ +, > a, diverges. 
The ratio test and the root test are related by the fact that if 
lim,4c0 (Gn41/Q,) exists in the finite orinfinite sense, then lim,.4.0 Waa 
exists and is equal to it (cf. [34], p. 394, Ex. 31). Consequently, if the 
ratio test in the form (2) or (7), Example 14, is successful, the root 
test is also. Furthermore, the first two examples illustrating failure 
of the ratio test (Example 14) also serve to exemplify failure of the 
root test for the same reason. The last two examples of the failure of 
the ratio test illustrate the possibility of success for the root test (cf. 
Example 16). 

The root test, as stated above, fails for the convergent series 


> (G+oy 


since limMasie ~/d, = % and lima.+.~/a, = 4. It also fails for the 
divergent series 
+00 n 
5+ (-1)"\" 
n=l 


since limns;0 ~/d, = 3 and lima.teo ~/a, = 2. 
A refined form of the root test states that if 
(177) limy.40 Wan < 1, > an converges; 

(iv) limn+o Wan > 1, Dian diverges. 


™ ~ 1,1,1,1,1~,1 
) =g tae toa tata tat > 


n=1 
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This form of the root test is at least as strong as (actually stronger 
than — cf. Example 16) the refined form of the ratio test (Example 
14), since (cf. [34], p. 394, Ex. 31) 

Yo, < tia Ya, < tim. 


. An 
lim antl < 
n—~++00 Qn 


lim 

noto Gy Nr+o 

The refined form of the root test establishes convergence and di- 

vergence for the preceding two examples, since lim,.,. ~/d, is equal 
to $ and 3, respectively, for these two series. 

The refined form of the root test can fail only by virtue of the 

equation lim,.;.0~/a@, = 1. Examples of this type of failure have 

already been given. 


16. Series for which the root test succeeds and the ratio test 
fails. 

The convergent series > ¢2, 2" for which the ratio test fails 
(Example 14) is one for which the root test succeeds. Indeed, 


(—1)*—n 
Von = Fw 21 =3 <1. 
Similarly, for the divergent series )-t2, 2” “”, of Example 14, 


an—(—l)* 


Va, = Fn > A=2>1, 


17. Two convergent series whose Cauchy product series di- 
verges. 

The Cauchy product series of the two series > \,<0 @, and >, 200, 
is defined to be the series ) <0 Cn, where 


Ca = 2iAe bee = do by + a1 baa + -++ + ay bo. 


The theorem of Mertens (cf. [36], p. 239, Ex. 20) states that if >/a, 
converges to A, if > pb, converges to B, and if one at least of these 
convergences is absolute, then the product series > >c, converges to 
AB. 

Let >a, and > b, be the identical series 


dn = bn = (—-1)"n+1)¥2, n=0,1,2,---. 


61 


I, Functions of a Real Variable 


Then > a, and >.b, converge by the alternating series test (Example 
7), while ><c, diverges since 


1 1 1 
a | = eet eet me et 
|e | VY1iVvn+1 Viva VaVani 
1 
| ativi 
2 2 2 2 
=ntdtato2tinda) tape 
_ (n+ 1) _ 
-—Ty9 2h n=0,1,2,-:-, 


the first inequality holding since ~/(1 + z)(n + 1 — z) on the closed 
interval [0, n] is maximized when xz = $n. 


18. Two divergent series whose Cauchy product series con- 
verges absolutely. 
The Cauchy product series of the two series 


2424 2%4B84---4 974... , n=1,2,---, 
—l+14+14+14+---4+1°4+.---, n=1,2,---, 
18 
—24+04+0 +0 +---4+04---, n=1,2,--: 


More generally, if a. = a* for n 2 1 and if b, = b* for n 2 1, and 
if a ~ b,-the term c, of the product series of >a, and > .b,, for 
n21,1s 


Cc, = Qo b” + by a” + a"™—1b + a2 §2 + a*—3 $3 + 22+ qb”! 
= dob” + boa” — a® — b” + (a*t! — b"+1)/(a — 5) 
{a*[a + (bo — 1)(@ — b)] — b7[b + (1 — an)(a — b)]}/(a — 5), 


and therefore c, = 0 in case a = (1 — bo)(a — 5) and b = 
(a — 1)(a — b). If a and 5 are chosen so that a — b = 1, then a 
and bo are given bya =~ b+1l=a,b =1—a= —-b. 


19. For a given sequence { onaidan} » n= 1, 2, --: , of positive 
convergent series, a positive convergent series n=i@m, that 
does not compare favorably with any series of { 2 m=i@msn}. 
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The statement that the series ear compares favorably with 
the series > 2.-10ma, for a fixed positive integer n, means: 


IMENIm> M=ay S Amn, 


and therefore the statement that such comparison does nof obtain 
means: 


VMENIm> M DZ an > Ama. 


For all positive integers M and n, define the positive numbers 
Sn, Sun, and Ran: 


+o M +00 
Sa = » Amn) Sun = » Amn, Run = > Anny 
m=] m= m=M +1 


and for each n € 9 choose M(n) so that 1 < M(1) < MQ) < --- 
and 


Rw) ol < 2-1, 


max (Ruin,1, Rue) < 27%, 


max (Rain). ,°** » Rann) < 2. 
For any positive integer m, define a, as follows: 
‘2am. if 1 Sm S M(2), 
On = \“ + 1)max (Gmi, Qnz, *** » mk) 
if M(k) <<m Ss M(k + 1) fork > 1. 


In order to prove that > a,, converges, we first establish an in- 
equality for the (finite) sum of the terms of this series for M(k) < 
m = M(k + 1), where k > 1: 

M(k+1) M(k+1) 


p> | ( +1) > om | 


An S&S 
m= M(k)+1 m=M (k)+1 


k M(k+1) k 
mz (k+ »>d| » tna | S (+1) Yi Raw,» 
n=l | m= M(k)+1 n=] 


<(k+1) 2 < (k +12". 
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We therefore have 

te M(2) M(3) 

>» Am = » Am + >» An ete 
m=] m=1 m=M(2)+1 


M(2) +0 M(k+1) 
<2 2X, Gm. + » 
m= 


kw2 m=M(k)+1 


+00 
< Wwe. + Do (k + 1)’ Q* < +0. 


On the other hand, for any fixed n, whenever k =nandm> M(k), 
On/Onn = kK + 1, whence limm,4. Qm/amn = + ©. Therefore the 
series > <1 Gm does not compare favorably with the series ) 72, dna. 
In fact, the series )\;,21a» does not compare favorably with the series 

+00 ° ° 

m=1 Om, even when such favorable comparison is defined: 


IMandK€NIm> M= an S Kaan, 
or equivalently, when failure to have favorable comparison means: 
VMandK € N4dm>M DZ an > Kam. 


A sequence of positive convergent series is called a universal com- 
parison sequence if and only if it has the property that a given 
positive series converges zf and only if it compares favorably with at . 
least one series of the universal comparison sequence. That is, a 
sequence of positive convergent series 1s @ universal comparison 
sequence if and only if the convergence or divergence of every positive 
series can be established by comparison with some member series of 
the sequence. Example 19 shows that no such universal comparison 


sequence exists. 


20. A Toeplitz matrix T and a divergent sequence that is 
transformed by T into a convergent sequence. 

An infinite matrix is a real-valued or complex-valued function on 
MX I, denoted T = (f;;), wherez and 7 € 9. In case the infinite 
series )_j=1 t;;a;, where {a;} isa given sequence of numbers, con- 
verges for every 7 € SU, the sequence {b,}, defined by 


+00 
b: = Do tej ay, 
j~m1 
is called the transform of {a;} by 7. An infinite matrix T = (é,;) 
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is called a Toeplitz matrix iff for every convergent sequence {a;} 
the sequence {b,} is well defined, and the limit lim,.,., 6; exists and is 
equal to the limit lim;.+.a,;. An important basic fact in the theory 
of Toeplitz matrices is that the following three properties form a 
necessary and sufficent set of conditions for an infinite matrix 
T = (t,;) to be a Toeplitz matrix (for a proof see [49]): 


+00 
(1) IMERIVIEN, D [t;| <M, 
j=1 ; . 
+reo 
(2) lim > 0&4; =1, 
t++coo j=l 
(3) VjEN, lim t; = 0. 
t->-+-00 


IA 
° 


Let T be the Toeplitz matrix (¢;;), where t;; = 1/7 if 1 $j 
and ¢t;; = Oift <7: 


_—~ 


sy 

I 
lt Cops tol pt 
~ OO © 


mH cops de! 
- aH om OO 


The sequence {a;} = 1, —1, 1, —1, ---, (—1)**', ---, does not 
converge, but its transform by 7’, . 
1+ (-1)*" 
{b;} = 1,0,3,0,3, .e* > op 
converges to 0. 

More generally, if {a,} is any divergent sequence each of whose 
terms is either 1 or —1, there exists a Toeplitz matrix 7 that trans- 
forms {a,,} into a convergent sequence. In fact, J can be defined so 
that {a,} is transformed into the sequence every term of which is 0. 
Such a matrix T = (;;) can be defined as follows: Let {n,} be a 
strictly increasing sequence of positive integers such that a,, and 
Gn;+1 have opposite signs forz = 1, 2, --- , and let 

_ 4 if j=nm or g= nu,4+1, 
"10. otherwise. 
Then T is a Toeplitz matrix that transforms {a,} into 0,0, ---. 


t Named after the German mathematician Otto Toeplitz (1881— 1940). 
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21. For a given Toeplitz matrix T = (t;;), a sequence {a;} 
where for each j, a; = +1, such that the transform {b;} of 
{a;} by T diverges. 

By reference to conditions (1)-(3) of Example 20, we choose two 
sequences 4; < #< 43 < +++, ji < jo < js < -:: as follows. Let 7; 
be such that, in accordance with (2), if 7 = 7, 


eo 
24 tj = 1+ ey, |e1:| < 0.05. 
I™ . 


Then let 7, be such that according to (1) and (2), 


j1 boo 
Do tii =l1+d, and » |ti3| < 0.05, 
j=l j=mjytl 


where | d, | < 0.1. 
Next choose 72 > 7, so that for 7 = te, according to (2) and (3), 


j +00 
y» | tis | < (0.05) and tis = 1 + ens; [ers] < (0.05), 
jJ™= j= 


and then choose j2 > j; so that according to (1) and (2), 
32 +00 


tas = 1 +d and YD [tes | < (0.05), 


jul J=jot1 
where | d2| < 2(0.05)?. 


Having chosen 7; < 72 < --: < % and ji < jo < --- < jy, choose 
te41 > % SO that according to (2) and (3), for? = 241, 


Ik +00 
2d | tis | < (0.05)* and Do ti; = 1 + Chars, | eet | < (0.05)*+), 
j= 


j=1 


and then choose j,4: > j, so that according to (1) and (2), 


jk41 +0 
> bina = 1 + di+1, and . > | tsa as | < (0.05)**", 
j=l er 


where | di+i |] < 2(0.05)*+}. 
Define the sequence {a;} by the prescription: 


ee Sj Suh <j Sino 
a; = 


—lforji <j S jojp<j Sjucce. 


G. Infinite Series 


If k is odd and k& > 1, then 


32 


2 13 
Sig St Btw 
janl jujytl jmjqtl 
+ Dd) test DD tysa; 
Jmsetl 
Jt j2 j 
= 2 bi.3 > bins > i) + (> eo > * ts) 
j= = = 
Ik _ +40 
+ (> ting — ¥ tas) + Dy tis ay. 
j=l 7=1 j=jytl 


All quantities 5072, ty;, except > J41t,; = 1 + dj, are less than 
(0.05)*-! in absolute value. Thus, since 


$90 


< Do | ty | < (0.05)*, 
J=23p41 


tpg Aj 


ict 
we see that 

b;, > 1 — 2(0.05)-! — 2(k — 1)(0.05)*! — (0.05) 

= 1 — [2(k — 1) + 2.05](0.05). 


Methods of calculus show that the function of k defined on the last 
line above is an increasing function for k 2 1, and therefore takes on 
its least value if k = 3 at the point where k = 3. Therefore, if k is 
an odd integer greater than 1: 


b,, > 1 — [4 + 2.05](0.05)? > 0.9. 


Similarly, for k even, it can be shown that b;, < —0.7. Therefore 
the sequence {b,} diverges. 

Examples 20 and 21 show that although some Toeplitz matrices 
transform some sequences whose terms are all +1 into convergent 
sequences, no Toeplitz matrix transforms all such sequences into 
convergent sequences. 

A refinement of the preceding technique permits the following 
conclusion: If {Tm} ts a sequence of Toeplitz matrices, there is a se- 
quence {an} such that |a,| = 1 for n = 1, 2, --- and such that for 
each m the transform of {an} by Tm ts divergent. Indeed, in the context 
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preceding, let {2,} and {7,} be strictly increasing sequences of positive 
integers chosen so that the related properties hold as follows: We 
choose 7; and 7; so that the related properties hold for 7; then 
% and 72 so that the related properties hold for both 7; and T?; etc. 
Let the sequence {a,} be defined as in Example 21. For any fixed m 
the sequence {a,} is transformed into a sequence {bmn} and, since the 
numbers 2; and j; for k > m constitute sequences valid for the counter- 
example technique applied to 7, it follows that lim,... 0m. does 
not exist for any m. ) 


22. A power series convergent at only one point. (Cf. Example 
24.) 
The series >» ,~0 2! x* converges for x = 0 and diverges for x = 0. 


23. A function whose Maclaurin series converges everywhere 
but represents the function at only one point. 
The function 


(2) ev" if 2 <0, 
z= 
j 0 if z=0 


is infinitely differentiable, all of its derivatives at x = 0 being equal 
to 0 (cf. Example 10, Chapter 3). Therefore its Maclaurin series 
+c p(n) +00 
n=0 Ns nol 


converges for all z to the function that is identically zero, and hence 
represents (converges to) the given function f only at the single point 
x= 0. 


24. A function whose Maclaurin series converges at only one 
point. 
A function with this property is described in [10], p 153. The 
function 
+0 
f(z) = 2d é-" cos nz, 
because of the factors e~" present in all of the series obtained by 
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successive term-by-term differentiation (which therefore all con- 
verge uniformly), is an infinitely differentiable function. Its Maclaurin 
series has only terms of even degree, and the absolute value of the 
term of degree 2k is 


> gee *n* s (se) 
for every n = 0, 1, 2, --- , and in particular for n = 2k. For this 


value of n and, in terms of any given nonzero z, with k any integer 
greater than e/27, we have 


na\* 9 _ (7) 
(72) é = oe. > 1. 


This means that for any nonzero xz the Maclaurin series for f diverges. 

The series >»; 7! 2" was shown in Example 22 to be convergent 
at only one point, z = 0. It is natural to ask whether this series is 
the Maclaurin series for some function f(z), since an affirmative 
answer would provide another example of a function of the type 
described in the present instance. We shall now show that it is in- 
deed possible to produce an infinitely differentiable function f(z) 
having the series given above as its Maclaurin series. To do this, let 
¢no(x) be defined as follows: For n = 1, 2, --- , let 


(n—1)!)? # OS |z| S$ 2*/(n!)? 


$no(Z) = 0 f ‘| > 2-"41/(n1)? 


where, by means of the type of “bridging functions” constructed for 
Example 12, Chapter 3, ¢,0(z) is made infinitely differentiable every- 
where. Let f(z) = ¢10(z), and for n = 2, 3, --- , let 


bu(2) = | * gaol) dt 


dne(z) = [ dni(t) dt, 


fa(x) = gn n—-i(2) = [ Gnn—2(t) dt. 
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Thus fr’ (x) = dn.n—-2(X), fn” (2) = dan—3(Z), -ee yin) (x) = dno(x), 
fa™(z) = dao’ (x). For any zx andO Sk Sn — 2, [fa®(x)| S 
(Q-"+1 /n?)| x [>—k—2 /(n —~k— 2) ! since 


| dai(x) | S 2-*+1/n?, 
| dno(x) | S [27+/n?]-| x], 


| ben_1(2) | S (2-™#t/n2)-| x [P-2/(n — 2)1. 


The series > 77, f,(x), for each k = 0, 1, 2, ---, converges 
uniformly in every closed finite interval. Indeed, if |z| Ss K, 


=kt+ 


+00 Ge) +00 K"*? 
OS 2 reer Dele 


and uniform convergence follows from the Weierstrass /1-test (cf. 
[34], p. 445). Hence we see that 


f(z) = SA) 


is an infinitely differentiable function such that for k = 0, 1, 2, ---, 


f(z) = > fr (2). 


Fork 2 n = 1, fx(0) = dno” **(0) = 0. Forn = landk =n —1, 
fnx®(0) = dno(0) = ((n — 1)!)2 ForOS k <n — 1, fi) = 
Thus the Maclaurin series for f(z) is > 1725 n! x". 


25. A convergent trigonometric series that is not a Fourier 
series. 

We shall present two examples, one in case the integration involved 
is that of Riemann, and one in case the integration is that of Lebesgue. 


The series - sn ne where 0 < a S 3, converges for every real 


number z, aS can "be seen (cf. [34], p. 533) by an application of a 
convergence test due to N. H. Abel (Norwegian, 1802-1829). How- 
ever, this series cannot be the Fourier series of any Riemann-in- 
tegrable function f(z) since, by Bessel’s inequality (cf. [34], p. 532), 
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forn = 1,2, ---, 
1 1 1 
mtgmet oo tast] Vere. 
Since f(z) is Riemann-integrable so is [/(x)]?, and the right-hand side 


of the preceding inequality is finite, whereas if a < 3 the left-hand 
side is unbounded as n — +. (Contradiction.) 


+o 

, sin nx 

The series >> inn also converges for every real number zx. Let 
R=? 


+o ; 
sin nz 
f(z) = 2, Inn ~ 
If f(z) is Lebesgue-integrable, then the function 
F(z) = l f(t) dt 
is both periodic and absolutely continuous. Since f(z) is an odd func- 
tion (f(z) = —f(—-2)), we see that F(z) is an even function (F(z) = 
F(—z)) andthusthe Fourier series for F(x) is of the form 
-+00 
>> dn COS Nx, 
nN anf) 
where ad =  [ F(x) dx, and forn = 2, 
9) x 
an = - [ F(x) cos nz dz 
® Jo 
2 Ae ) inne | ~2/ F(x) SBME gy 
r T Jo n 


_ ae fla ) Sane _ it 


ninn- 


(F’(xz) exists and is equal to f(z) almost everywhere.) Since F(z) 
is of bounded variation, its Fourier series converges at every point, 
and in particular at z = 0, from which we infer that > °*% a, con- 
verges. But since a, = —1/(n In n), and > 222 (—1/(n In n) di- 
verges, we have a contradiction to the assumption that f(z) is 
Lebesgue-integrable. 
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sin nz 


-+<o 
Finally, to show that the trigonometric series >, " is not the 


n=2 


Fourier series of any Lebesgue-integrable function we need the follow- 
ing theorem (for a proof see [52] and [53]): If a trigonometric series is 
the Fourier series of a Lebesgue-integrable function g, and if it con- 
verges almost everywhere to a function f, then f(x) = g(x) almost every- 
where and therefore f 1s Lebesgue-integrable and the given trigonometric 
series is the Fourier series of f. 


26. An infinitely differentiable function f(x) such that 


Lim | 2}-++0,f(x) = 0 


and that is not the Fourier transform of any Lebesgue-in- 
tegrable function. 

Let {ca}, = 0, +1, +2, --- , be a doubly infinite sequence such 
that 


+00 


>, Cne*”* 
converges for all x but does not represent a function Lebesgue- 
integrable on [—x, x] (cf. Example 25). We shall show that if h(x) 
is any infinitely differentiable function that vanishes outside [—3, 4], 
if h(0) = 2z, and if 


+00 
f(z) = 2. Caz — n), 


then f(z) is a function of the required kind. 

Since A(z) vanishes outside [—4, 4], the series that defines f(z) 
has only finitely many nonzero terms for any fixed x. Hence, the 
series converges for all x and represents some function f(x). By the 
same argument, the series converges uniformly in every finite in- 
terval as does the series arising by termwise differentiation any finite 
number of times, and furthermore 


-+00 
f@) = DL eh™(x — n), 
k=0,1,2,-::. 


72 


6. Infinite Series 


If F(t) is Lebesgue-integrable and satisfies 


+0 . 
[ F(tje * dt = f(z), 
let 


+00 


g(t) = 2» F(t + 2rm). 


Since F(t) is Lebesgue integrable, g() is defined for almost every 
t, g(t + 2m) = g(t), and | 


* +o bof “+00 
[ lott) aes > feet 2am) | dt = [. | F(t) | dt < +o. 


(For references on the preceding facts and the following equality, 
see [29], pp. 130-132, pp. 152-153.) We compute: 


* —in 1 a J —in 
= | a(e ‘d= = D> | Ft 2em)e * dt 
1a f* —in(t+2xm) 
=->/ F(t + 2xm)e dt 
Qa m= —F 


=5- [P(e at = 2 fn) 


-21 F ah —® = 2 A(0) = & 
or keu=—00 2x 
In other words, the c, are Fourier coefficients of the Lebesgue- 
integrable function g(t). This contradiction establishes the fact that 
F(x) is not the Fourier transform of a Lebesgue-integrable function. 


27. For an arbitrary countable set E C [—-, 2], a continuous 
function whose Fourier series diverges at each point of E and 
converges at each point of [—=, z] \ E. 

The idea behind this example goes back to Fejér and Lebesgue. 
An exposition of the details is given in [52], pp. 167—173, where 
references to the original papers are also to be found. 


28. A (Lebesgue-) integrable function on [—2, z] whose Fourier 
series diverges everywhere. 
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This example is due to A. Kolmogorov. Details are given in [52], 
pp. 175-179, together with references. 


29. A sequence {a,} of rational numbers such that for every 
function f continuous on [0, 1] and vanishing at 0(f(0) = 0) 
there exists a strictly increasing sequence {n,} of positive in- 
tegers such that, with my) = 0: 

+0 Ny ay 

f(x) = > ( > ana”) 

y=0 \n=n,+1 
the convergence being uniform on (0, 1]. 

We make a preliminary observation: 

For any positive integer m, the set of all polynomials with rational 
coefficients and involving only powers x* such that n = m is dense 
in the space C'o([0, 1]) of all functions continuous on [0, 1] and vanish- 
ing at 0, in the “‘uniform topology” given by the distance and norm 
formula: 


e(f,g) =f — 9 || = max {| f(z) —g@)|0S28 1). 


This follows from the Stone-Weierstrass theorem (cf. [42], p. 288, 
and [29], pp. 9-10). 

Now let {f,} be an enumeration of a countable dense set of func- 
tions in C,((0, 1]). For example, {f,} might be a sequence consisting 
of all polynomials with rational coefficients and zero constant term. 
Let P; be such a polynomial for which o(f1, P:) = || f; — Pi|| < 1. 
Let P. be such a polynomial for which, among the terms with non- 
zero coefficients, the least exponent exceeds the degree of P:, and 
for which e(fe — P,, P») = ll fo — (Pi + P2) | < 3, Having de- 
fined polynomials P;, Pe, ---, Pr in Co([0, 1}) such that their 
coefficients are rational and such that: 

(a) the “least “pen of Py > deg Pi, k = 1,2, ---,n— 1, 


->e.| 


choose a polynomial P,,,; in Co((0, 1]) with rational coefficients and 
such that 
(a’) the “least exponent of Pr...” > deg Pa, 


(b) < k= 1,2, n, 
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, n+1 1 
(B) fat — 2 Pi I< ET’ 
Let m; = “least + exponent of P;,” and let M; = deg P; for every 
j3€ HN Then m; <= M; < my, for 7 € NX. The sequence {a,} is 
now defined as follows: a, = a2 = --- = Qm,-1 = 0, Qu, = coefficient 
of z™ in Pi, dm,41 = coefficient of 2”! in Py, --- , ay, = coefficient 
of x”! in P,. In general for 4; < n < mj let a, = 0; for mj41 S 
n S&S Myx, let a, = coefficient of z* in P;. If f € Co([0, 1)), let 
0<kh < kz < --- besuch that || f — fi, || < 1/ufor every uw € WN. 


Then 
: : 1,12 
x Pl XP | < a es 


| 

|i 

Hence if mo = O and n, = M,, for» € I, then 
+ Nyt 

fe) = 5 (S an2’), 
y=0 \n=n,t1 


where the (grouped) series on the right converges uniformly in 
(0, 1]. 

This startling result is due to W. Sierpinski. Its close similarity to 
Example 5, last paragraph, should be noted. In this latter case, a 
single series of numbers is obtained, as the result of a rearrangement, 
having the property that corresponding to an arbitrary real number x 
there exists a subsequence of partial sums — and hence a method for 
introducing parentheses in the series — that gives convergence to 7. 
In the present case there is a single power series having the property 
that corresponding to an arbitrary member of C,([0, 1]) there exists a 
subsequence of partial sums — and hence a method of introducing 
parentheses in the series —that gives uniform convergence to f. 
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Introduction 

The examples of this chapter deal with uniform convergence — and 
convergence that is nof uniform — of sequences of functions on certain 
sets. The basic definitions and theorems will be assumed to be known 
(cf. [84], pp. 441-462, [36], pp. 270-292). 


1. A sequence of everywhere discontinuous functions con- 
verging uniformly to an everywhere continuous function. 


if zis rational, 
if 2 1s irrational. 


fr(z) = {in 
\ 


Clearly, limy.40fa(z) = 0 uniformly for —0o < 7 < +, 

This simple example serves to illustrate the following general 
principle: Uniform convergence preserves good behavior, not bad be- 
havior. This same principle will be illustrated repeatedly in future 
examples. 


2. A sequence of infinitely differentiable functions converging 
uniformly to zero, the sequence of whose derivatives diverges 
everywhere. 

If f.(z) = (sin nz)/+/n, thensince | f,(x) | S 1/-/n this sequence 
converges uniformly to 0. To see that the sequence {f,’(x)} converges 
nowhere, let x be fixed and consider 


b, = fa’ (xz) = Wn cos ne. 
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Ifz = 0,6, =~W~n— +o asn—-+ ©. We shall show that for any 
x # Othe sequence {b,} is unbounded, and hence diverges, by showing 
that there are arbitrarily large values of n such that | cos nz | 2 }- 
Indeed, for any positive integer m such that | cos mx | < 3, 


| cos 2maz | = | 2 cos? mz — 1| = 1 — 2 cos? me > 3, 


so that there exists an n > m such that | cos nz | > 4. 


3. A nonuniform limit of bounded functions that is not 
bounded. 
Each function 


(a) = {im (3) if 0O<2S81, 
. — 


is bounded on the closed interval [0, 1], but the limit function f(z), 
equal to 1/z if 0 < x S 1 and equal to 0 if x = 0, is unbounded 
there. 

Let it be noted that for this example to exist, the limit cannot be 
uniform. : 


4. A nonuniform limit of continuous functions that is not 
continuous. 
A trivial example 8 given by 


_ Jmin (1, nz) if «2 0, 
Iu(z) = min (—l,nz) if «<0, 


whose limit is the signum function (Example 3, Chapter 3), which is 
discontinuous at x = 0. 

A more interesting example is given by use of the function f (cf. 
Example 15, Chapter 2) defined: 


OQ | = 


if r= 7 in lowest terms, where p= and g are integers 
f(z) = and g > 0. 
if zx is irrational. 


>) 
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For an arbitrary positive integer n, define f,.(z) as follows: According 
to each point (? ,2), where lSq<n,0 S p S gq, in each interval 


—_ Pp 
On?? wv define 


wormnin(h 4206-2) 


of the form (? — 


Jt 
2n? 


payne (e-2)) 


and at every point z of [0, 1] at which f,(x) has not already been 
defined, let f,(z) = 1/n. Outside [0, 1] f,(x) is defined so as to be 
periodic with period one. The graph of f,(x), then, consists of an 
infinite polygonal arc made up of segments that either lie along the 
horizontal line y = 1/n or rise with slope +2n? to the isolated points 
of the graph of f. (Cf. Fig. 2.) As 7 increases, these ‘‘spikes’”’ sharpen, 
and the base approaches the z axis. AS a consequence, for each 
x€Randn=1,2,---, 


in each interval of the form (?, + ) define 


f2(Z) = frrilz), 
lim f,(z) = f(z), 
n >-+00 


and 


as defined above. Each function f, is everywhere continuous, but 
the limit function f is discontinuous on the dense set © of rational 
numbers. (Cf. Example 24, Chapter 2.) 


5. A nonuniform limit of Riemann-integrable functions that 
is not Riemann-integrable. (Cf. Example 33, Chapter 8.) 

Each function g,, defined for Example 24, Chapter 2, when re- 
stricted to the closed interval (0, 1] is Riemann-integrable there, 
since it is bounded there and has only a finite number of points of 
discontinuity. The sequence {g,} is an increasing sequence (g,(r) 
gn4i(z) for each x and n = 1, 2, ---) converging to the function f 
of Example 1, Chapter 4, that is equal to 1 on Qn (0, 1] and equal 
to 0 on (0, 1] \ Q. 
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J 
1 
2 
1 
3 
1 
1 4 
5 
11 1 2 8 5 4 3 
0 4 3 2 3 4 1 4 3 2 
FS, (@) for n=5 
Figure 2 


6. A sequence of functions for which the limit of the integrals 
is not equal to the integral of the limit. 


Let 
nx if OSnse., 
P 1 1 
— _9 —~ = = <- 
f(z) =n an x ) if 5 <28-, 
0 ff t<2K<! 
n 
Then 
im [ fale) de = lim 3 = } 
’ at ve ae QQ? 
but 


9 


I. Functions of a Real Variable 


Another example is the sequence {f,(x)} where f,(z) = nae, 
O0s2z81. 
A more extreme case is given by 


[ tim f@) ae - [ 0a =o. 


7. A sequence of functions for which the limit of the deriva- 
tives is not equal to the derivative of the limit. . 

If f,(z) = 2/(1 + nz?) for —1 S x S landn = 1,2,---, then 
f(x) = limy.+0 f,(z) exists and is equal to 0 for all x € [—1, 1] (and 
this convergence is uniform since the maximum and minimum values 
of f,(z) on [—1, 1] are + 1/2n). The derivative of the limit is identi- 
cally equal to 0. However, the limit of the derivatives is 

, ’ , 1— nex 1 if +=0, 
jim J. (x) = pm (1 + n222)? ‘0 if 0 <|z| <1. 

8. Convergence that is uniform on every closed subinterval 
but not uniform on the total interval. 

Let f,(2) = x* on the open interval (0, 1). 


9. Asequence {f,} converging uniformly to zero on [0, + ©) but 
such that {}° f,(x) dx + 0. 
I/n wf OS2zSn, 
Let fa(z) = ‘o if ¢>n. 
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Then f, converges uniformly to 0 on [0, +), but 


i fra(z) de = 1-1. 


A more extreme case is given by 


_jl/n if OSz7 S73, 
f(z) = {6 if 2 > n’. 


Then {3° fa(xz) de =n> +. 


10. A series that converges nonuniformly and whose general 
term approaches zero uniformly. 

The series >>,2,2"/n on the half-open interval [0, 1) has these 
properties. Since the general term is dominated by 1/n on [0, 1) its 
uniform convergence to zero there follows immediately. The con- 
vergence of the series follows from its domination by the series 
>, x", which converges on [0, 1). The nonuniformity of this con- 
vergence is a consequence of the fact that the partial sums are not 
uniformly bounded (the harmonic series diverges; cf. [34], p. 447, 
Exs. 31, 32). 


11. A sequence converging nonuniformly and possessing a 
uniformly convergent subsequence. 
On the real number system @, let 


if 7 is odd. 
f(z) = 


slim S18 


if nis even. 


The convergence to zero 1s nonuniform, but the convergence of the 
subsequence {fon(x)} = {1/2n} is uniform. 


12. Nonuniformly convergent sequences satisfying any three 
of the four conditions of Dini’s theorem. 
Dini’s theorem states that if {f,} is a sequence of functions defined 
on a set A and converging on A to a function f, and if 
(2) f, 18 continuous on A, n = 1,2,°:-, 
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(it) f is continuous on A, 
(tit) the convergence is monotonic, 
(<v) A is compact, 
then the convergence is uniform. 
No three of these conditions imply uniform convergence. In other 
words, no one of the four hypotheses can be omitted. The following 
four examples demonstrate this fact. 


fo if «=0 or ~ $2 Si, 
(2): falx) = 


1 if O<2z< ~ 

\ 
Then {f,(x)} is a decreasing sequence for each x , converging non- 
uniformly to the continuous function 0 on the compact set (0, 1]. 


(iz): The sequence {x} converges decreasingly and nonuniformly 
to the discontinuous function 


_j0O if OsS2z <1], 
fle) = {° if 2=1 


on the compact set [0, 1). 
(iat): Example 6. 
(tv): The sequence {x*} on [0, 1). 
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Chapter 8 
Sets and Measure on the Real Axis 


Introduction 

Unless a specific statement to the contrary is made, all sets con 
sidered in this chapter should be assumed to be subsets of ®, the 
real number system. A o ring, or sigma-ring, 1s a nonempty class 4 
of sets that is closed under the operations of countable unions and set 
differences (A1, Ao, --- € A = Un2, A, € A and Ai\ A: € A). If 
A is any nonempty class of sets, the o-ring generated by A 1s the 
intersection of all c-rings containing A (there is always at least one 
o ring containing A, the class of all subsets of ®, so that the generated 
o-ring always exists). It is natural to think of the o-ring generated by 
A as the smallest o-ring containing A. The o-ring generated by the 
class C of all compact subsets of ® is called the class B of Borel sets 
(that is, a set is a Borel set iff it is a member of the o-ring generated 
by C). 

If A is any subset of ® and x any real number, the translate of A 
by x is defined and denoted: 


ttAz=fyly=xt+a,ac A} = {e+ ala€ A}. 
A class A of sets is closed under translations iff 
AE€ATERSLt+A EA. 


If Sisa o-ring of subsets of a space X, a set function p with domain 
S is nonnegative extended-real-valued iff its values, for sets 
S € S, satisfy the inequalities 0 S$ p(S) S +. A nonnegative 


extended-real-valued set-function p on a o-ring S is a measure on S 
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iff p(M) = 0 and p is countably additive on S: 
S:i,S82,°-°-€ S S,nS8, = Oform ¥n> 


+0 “+20 
p (u s,) = x p(S,). 

If p isa measure on a-ring S of subsets of a space X, and if X € S, 
then the ordered pair (X, S) is called a measure space and p is called 
& measure on the measure space (X, S). If the class of sets S is 
understood from context, the single letter X may also be used to 
indicate a measure space. If p and o are two measures on the same 
measure space (X, S), p is absolutely continuous with respect to 
o (written p X o) iff 


A €S,o(A) = 05 p(A) = 0. 


For any measure p on & measure space (X, S), a null-set for p is 
any subset of a member A of S of measure zero: p(A) = 0. A measure 
p on (X, S) is complete iff every null-set for p is a member of S. 
Borel measure is the uniquely determined measure » on the 
measure space (R, B) that assigns to every bounded closed interval 
its length: 
u((a, b]) = b—-a if asb. 


The class B of Lebesgue-measurable sets is the o-ring generated by 
the union of B and the class of all null-sets of Borel measure on B. 
Lebesgue measure is the uniquely determined complete measure on 
B whose contraction to B is Borel measure; that is, Lebesgue measure 
is the completion, or complete extension, to B of Borel measure on B. 
Since the length of a compact interval [a, 6] is invariant under 
translations, the o-rings B and B are closed under translations, and 
both Borel and Lebesgue measure are translation-invariant: 


AE B,xERS>xLt+A EC Bye t+ A) = w(A), 
ACB cre anaex+A€c€ B, ue + A) = w(A). 


For any set E C @, Lebesgue tnner and outer measure are defined 
and denoted: 


inner measure of E = yus(E) = sup {p(A)|A C E, A € B}, 
u*(E) = inf {u(A)|A > EB, AE B}. 


outer measure of E 
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These are also equal to 
wa(EZ) = sup {u(A)|A C E, A € B} 

= sup{u(A) | A C E, A compact}, 
u*(B) = inf {u(A)|A > £, A € B} 

= inf {u(A) [A > E, A open}. 


For proofs of the preceding facts, and for further discussion, see 
[16], [18], [30], and (32). 

We shall occasionally refer to the axiom of choice, or such variants 
as the well-ordering theorem or Zorn’s lemma. These are sometimes 
classed under the title of The Mazximality Principle. The reader is 
referred to [16], [30], and [46]. 

It will be assumed that the reader is already familiar with the con- 
cept of equivalence relations and equivalence classes. These topics are 
treated in references [16] and [22]. 


1. A perfect nowhere dense set. 

A perfect set is a closed set every point of which is a limit point 
of the set. A fundamental fact concerning perfect sets is that every 
nonempty perfect set A of real numbers — or, more generally, any 
nonempty perfect set in a complete separable metric space — is un- 
countable; in fact, A has the cardinality ¢ of ® (there exists a one- 
to-one correspondence with domain ® and range A). (For a proof 
and discussion, see [20], pp. 129-138.) 

A nowhere dense set is a set A whose closure A has no interior 
points: J(A) = @. Clearly, a set is nowhere dense iff its closure is 
nowhere dense, and any subset of a nowhere dense set is nowhere 
dense. A less obvious fact is that the union of any finite collection of 
nowhere dense sets is nowhere dense. Proof by induction follows from 
the special case: If A and B are closed and nowhere dense, then Au Bis 
nowhere dense. (If U is a nonempty open subset of AuB, then 
U \ B is a nonempty open subset of A.) 

A celebrated example of a perfect nowhere dense set was given by 
G. Cantor (German, 1845-1918), and is known as the Cantor set. 
This set C is obtained from the closed unit interval [0, 1] by a se- 
quence of deletions of open intervals known as “middle thirds,” 
as follows: First delete all points x between 4 and %. Then remove the 
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middle thirds of the two closed intervals [0, 4] and [#, 1] remaining: 
(4, ¢) and (g, $). Then remove the middle thirds of the four closed 
intervals (0, 4], [2, 4], (2, $], and [, 1] remaining: (vr, vy), (5, ¥), 
(42, 29), and (3§, #9). This process is permitted to continue indefi- 
nitely, with the result that the total set of points removed from [0, 1] 
is the union of a sequence of open intervals and hence is an open set. 
The set C is defined to be the closed set remaining. Since every point 
of C is approached arbitrarily closely by endpoints of intervals re- 
moved (these endpoints all belong to C), C is perfect. Since there is 
no open interval within [0, 1] that has no points in common with at 
least one of the open intervals whose points are deleted at some stage, 
the (closed) set C' is nowhere dense. 

The Cantor set C' can be defined in terms of the ternary (base 
three) system of numeration. A point z € C iff x can be represented 
by means of a ternary expansion using only the digits 0 and 2. For 
example, 0.022222--- and 0.200000--: are the endpoints of the first 
interval removed, or 34 and %, respectively, in decimal notation. For 
a, discussion of this description of C, cf. [18] and [82]; also cf. Example 
2, below. 


2. An uncountable set of measure zero. 

The Cantor set C of Example 1 is uncountable since it is a non- 
empty perfect set, and it has measure zero since the set of points 
deleted from the closed interval [0, 1] has measure 


112,122 3 


gt a5 t eo es oe ies 


3 

The ternary expansions of the points of the Cantor set can be 
used to show that C has the cardinality ¢ of the real number system 
®. (This method is independent of the one cited above that is based 
on the properties of perfect sets.) In the first place, the points of C 
are in one-to-one correspondence with the ternary expansions using 
only the digits 0 and 2, and therefore (divide by 2) with the binary 
expansions using the digits 0 and 1. On the other hand, the non- 
terminating binary expansions are in one-to-one correspondence with 
the points of the half-open interval (0, 1), and hence with the real 
numbers. This much shows that the set of all binary expansions — and 
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therefore C — is uncountable, with cardinality at least ¢. To see that 
the cardinality is actually equal to ¢ we need only observe that the 
set of terminating binary expansions is countable (or, even more 
simply, that C C @). For further discussion of the mapping just 
described, see Example 14, below. 


3. A set of measure zero whose difference set contains a 
neighborhood of the origin. 

If A is any nonempty set, its difference set, D(A) is the set of all 
differences between members of A: 


D(A) = {a —y|xzE A,yeE A}. 


A fact of some importance in measure theory is that whenever A is 
a measurable set of positive measure, the origin is an interior point 
of the difference set A (cf. [18], p. 68). The Cantor set C of Example 1 
is an example of a set of measure zero that has this same property. 
In fact, the difference set of C is the entire closed interval [—1, 1]: 


D(C) = [-1, 1. 


The simplest way to see this is to consider the product set C X C, 
and to show that for any number a such that —1 S a S 1, the line 
y = x + ameetstheset C X C in at least one point. (Cf. [10], p. 110, 
where references are given.) Since C’ is obtained by a sequence of 
removals of “middle thirds,” the set C X C can be thought of as 
the intersection of a countable family of closed sets Ci, C2, ---, 
each of the sets C,, being a union of “corner squares” as follows 
(cf. Fig. 3): The set Ci consists of four + by 4 closed squares located 
in the corners of the total square [0, 1] x [0, 1) :[0, 4) X [0, 4], 
(0, 4] X (4, 1), (8 11x [0, 4], and (3, 1] X [3, 1]; the set C2 consists of 
sixteen $ by 4 closed squares located by fours in the corners of the 
four squares of C;; the set Cs consists of sixty-four 3/7 by zy squares 
located by fours in the corners of the sixteen squares of (2; etc. 
For any given a € {[—1, 1], the lne y = z + a meets at least one of 
the four squares of C’;; choose such a square and denote it S;. This 
line must also meet at least one of the four squares of C; that lie 
within S,; choose such a square and denote it S:. If this process is 
continued, a sequence of closed squares {S,} is obtained such that 
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Figure 3 


Sai: C S, for n = 1, 2, ---. Since the side of S, is 3, there is 
exactly one point (z, y) that belongs to every square of the sequence 
{S,} (cf. [34], p. 201, Ex. 30). The point (x, y) must therefore belong 
to C X C, and since this point must also lie on the line y = 2 + a, 
we have the desired members x and y of C whose difference is the 
prescribed number a. 


4. Perfect nowhere dense sets of positive measure. 

The process used to obtain the Cantor set C of Example 1 can be 
modified to construct a useful family of perfect nowhere dense sets. 
Each of these sets, to be called a Cantor set, is the set of points 
remaining in (0, 1) after a sequence of deletions has taken place as 
follows: If @ is an arbitrary positive number less than 1, first delete 
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from [0, 1] all points of the open interval (4 — 4a, 4 + 4a), of length 
dq and ‘midpoint 3. From the two remaining closed intervals [0, 


d ta] and [} + ta, 1], each of length 4(1 — 4a), remove the 
middle open intervals each of length ja. Then from the four closed 
intervals remaining, each of length +(1 — 4a — 4a), remove the 


middle open intervals each of length a/32. From the eight closed 
intervals remaining, each of length #(1 — 4a — ta — $a), remove 
middle open intervals each of length a/128. After n stages the measure 
of the union of the open intervals removed is a(3 + 4+ + --- + 2-*), 
and therefore the measure of the union of the open intervals removed 
in the entire sequence of removal operations is a. The measure of 
the remaining Cantor set is 1 — a. For this reason, Cantor sets 
defined in this fashion are often called Cantor sets of positive 
measure. They are all perfect nowhere dense sets. It will be shown 
in Example 23, below, that all Cantor sets, of positive or zero measure, 
are homeomorphic (cf. Introduction, Chapter 12). It will follow, 
then, from the second paragraph of Example 2, above, that every 
Cantor set has cardinality ¢ equal to that of @. 

A third construction of a Cantor set is the following: Let 0 < B < 1 
and let {8,} be a sequence of positive numbers such that > 72) 278, 
= £. Delete from [0, 1] the open interval Jo, centered at 4 and of 
length 89. Then from [0, 1] \ Jc, delete two open intervals J,!, 1,2, 
each centered in one of the two disjoint closed intervals whose union 
is [0, 1] \ Zo and each of length 6;. Continue deletions as in the pre- 
ceding constructions: At the nth stage of deletion, 2” open intervals, 
T,3, In?, +--+, In? properly centered in the closed intervals consti- 
tuting the residue at the (n — 1)st stage and each of length #,, are 
deleted, n = 1,2, ---. 


5. A perfect nowhere dense set of irrational numbers. 

A final example of a perfect nowhere dense set can be constructed 
by making use of a sequence {r,} whose terms constitute the set of 
all rational numbers of (0, 1). Start as in the definition of the Cantor 
set C, but extend the open interval so that the center remains at 3, 
so that its endpoints are irrational, and so that the enlarged open 
interval contains the point 7; At the second stage remove from each 
of the two remaining closed intervals an enlarged open middle “‘third”’ 
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in such a way that the midpoints remain midpoints, the endpoints 
are irrational, and the second rational number 72 is removed. If this 
process is repeated according to the indicated pattern, a perfect 
nowhere dense set D remains, and since all rational numbers between 
0 and 1 have been removed, this ‘“‘Cantor’’ set D consists entirely of 
irrational numbers, except for the two points 0 and 1. If the endpoints 
of the original interval are chosen to be irrational numbers, a perfect 
nowhere dense set can be constructed in this fashion so that it consists 
entirely of irrational numbers. 


6. A dense open set whose complement is not of measure zero. 

Let A be a Cantor set of positive measure in [0, 1], and let B = 
A’ = &\A. Then B is a dense open set whose complement A has 
positive measure. 


7. A set of the second category. 

A set is said to be of the first category iff it is a countable union 
of nowhere dense sets. Any subset of a set of the first category is a 
set of the first category, and any countable union of sets of the first 
category is a set of the first category. The set © of rational numbers 
is of the first category. A set is said to be of the second category 
iff it is not of the first category. An example of a set of the second 
category is the set & of all real numbers. More generally, any complete 
metric space is of the second category (cf. [36], p. 338, Ex. 33). This 
general result is due to R. Baire (cf. [1], p. 108, [20], pp. 138-145, 
and [27], p. 204). It follows from this that the set & \ © of irrational 
numbers is of the second category. We outline now a proof — inde- 
pendent of the general theorem just cited — that any set A of real 
numbers with nonempty interior J(A) is of the second category. 
Assume the contrary, and let C be a nonempty closed interval [a, 5] , 
interior to A, and let C = F,u Fzu --:- , where the sets F,, are closed 
and nowhere dense, n = 1, 2, --- . Let C, be a closed interval [a, b;] 
Cc (a, b) \ Fi; let C2 be a closed interval [a2 , be] C (a1, bi) \ Fe; in 
general, for n > 1, let C, = [an, bn] © (dar, bn—1) \ Fn. Then there 
exists a point p belonging to every C,, n = 1, 2, --- (ef. [34], p 201, 
Ex. 30), whence p € C. But this is impossible since p belongs to 
no F,,n = 1,2, --- . (Contradiction.) 
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8. A set that is not an F, set. 

Recall (Example 23, Chapter 2) that an F, set is a set that is a 
countable union of closed sets. Examples of F, sets abound: finite 
sets, closed intervals, open intervals (for example, (0, 1) is the union 
of the sets [1/n, (n — 1)/n}), half-open intervals, © (if the rational 
numbers are arranged in a sequence fi, 72, -++ , then © is the union 
of the one-point closed sets {ri}, {re}, --° , {rn}, ---). Am example 
of aset that is not an F, set is the set ® \ Q of irrational numbers. To 
prove this, assume the contrary, and let R\Q = Ciu C2,u --:-, 
where C’, is closed, n = 1, 2, --- . Since no subset of the set ® \ © 
of irrational numbers has an interior point, every closed subset of 
& \ © is nowhere dense, and this implies that ® \ Q is of the first 
category. (Contradiction; cf. Example 7.) 


9. Aset that is not a G; set. 
A set A is said to be a G; set iff it is a countable intersection of 
open sets. It follows from the de Morgan laws for set-complemen- 


tation: 
+00 / +00 +00 / +00 
(u Ay] = 1 An, (1 Ay] =- U A,’ 
n= n=l n=] n=] 
that a set A is a G; set iff its complementary set A’ = ®\ A isan 
F, set. Therefore, since the set & \ © of irrational numbers is not an 
F, set, the set © of rational numbers is not a G; set. 

If countable unions of G; sets and countable intersections of F, sets 
are formed, two new classes of sets are obtained, called G;, sets and 
Fs sets, respectively. In fact, two infinite sequences of such classes 
exist: labeled F., F,3, Fotc, -+° and Gs, Ge, Gses, °° > . For a treatment 
of these sets, cf. [20]. 


10. A set A for which there exists no function having A as its 
set of points of discontinuity. 

Let A be the set & \ © of irrational numbers. Then since A is not 
an F, set there is no real-valued function of a real variable whose set 
of points of discontinuity is A (ef. the final remark of Example 23, 
Chapter 2). In other words, there is no function from ® to ® that is 
continuous at every rational point and discontinuous at every ir- 
rational point. (Cf. Example 15, Chapter 2.) 
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11. A nonmeasurable set. 

The axiom of choice provides a means of constructing a set that is 
not Lebesgue-measurable. In fact, the set thus produced cannot be 
measurable with respect to any nontrivial countably additive trans- 
lation-invariant measure. More specifically, if « is a measure function 
defined for all sets A of real numbers, finite-valued for bounded sets, 
and such that 


u(x + A) = p(A) 


forevery x € Rand A C &, then w#(A) = 0 for every A C R. We 
shall now prove this fact. 

We start with an equivalence relation ~ defined on (0, 1] X (0, 1) 
as follows: z ~ y iff x — y € ©. By means of ~ the half-open interval 
(0, 1] is partitioned into disjoint equivalence classes C’. The axiom of 
choice, applied to this family of equivalence classes, produces a set 
A having the two properties: (1) no two distinct points of A belong 
to the same equivalence class C; (2) every equivalence class C 
contains a point of A. In terms of the equivalence relation ~ these two 
properties take the form: (1) no two distinct members of A are 
equivalent to each other; (2) every point x of (0, 1] is equivalent to 
some member of A. We now define, for each r € (0, 1], an operation 
on the set A, called translation modulo I, as follows: 


(r + A) (mod 1) = [(r + AUP — 1 +4), 1] 
= {@ + A)n@ Iu{(e— 1 +4), I}. 


The two properties of the set A stated above imply, for translation 
modulo 1: (1) any two sets (r + A)(mod 1) and (s + A)(mod 1) 
for distinct rational numbers r and s of (0, 1] are disjoint; (2) every 
real number x of (0, 1] is a member of a set (r + A)(mod 1) for 
some rational number r of (0, 1]. In other words, the half-open 
interval (0, 1] is the union of the pair-wise disjoint countable col- 
lection {(r + A)(mod 1)}, wherer € Q@n (0, 1]. An important 
property of the sets obtained from A by translation modulo 1 (on the 
basis of the assumptions made concerning ») is that they all have the 
Same measure as A: 
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u((r + A)(mod 1)) 

u((r + A) n ©, 1) + w(((r — 1) + A) Q, 1) 
u((r + A) na (, 1)) + w((r + A) a (1, 2) 

u((r + A) n ©, 2]) =u + A) = w(A). 


On the assumption that A has positive measure we infer from the 
countable additivity of p: 


u((0,1]) = >, w(% +A)(mod1))= >) w(A) = +, 
reQN (0,1) reO} (0,1) 


which is impossible since (0, 1] is bounded. Consequently n(A) = 0, 
and 
u(0, 11) = Dd) wr + A)(mod 1) = D) w(A) = 0, 
r<QN (0,1) reQN (0,1) 
whence 
+00 


+00 
u(R) = do u((n, n + 1)) = 2 #((0, 1)) = 0. 


As a consequence of this, » is the trivial measure function for which 
every set has measure zero. 

Finally, since Lebesgue measure is a nontrivial translation-invariant 
measure for which bounded intervals have positive finite measure, 
the detailed steps just presented show that the set A is not Lebesgue- 
measurable. 

Since all F, sets and all G; sets are Borel sets, and therefore measur- 
able, the preceding nonmeasurable set is an example of a set that is 
neither an F,, set nor a Gs set. 

The construction just described can be looked at in terms of sets 
on a circle, as follows: In the complex plane @, let the unit circle 
32 {z|z€ @,|z| = 1} be regarded as a group under multiplication. 
For each z € 3 there is a unique 0,0 S @ < 1, such thatz = e?*, 
Let 5p = {z|z = e?**,9 € Q,0 £6 < 1}. Then 3% is a normal 
subgroup, and the quotient group § = 3/3» exists. If § is a one-to-one 
preimage of S$ in 3 (a complete set of representatives in 3), obtained 
by the use of the axiom of choice, and if Lebesgue measure , on [0, 1) 


93 


I. Functions of a Real Variable 


is carried over to a measure fi on 3 by the rule: 
E C 3 is measurable iff F = {@|e"*€ £,0 26 < 1} 
is Lebesgue-measurable and f(F) = 2ru(F), 


then § isnot measurable. Indeed, Us.ento.1) e?**5 is a countable disjoint 
union of sets, each of which is measurable, all with the same measure, 
if § is. Furthermore, this union is 3 since § is a complete set of repre- 
sentatives, whence 3 is a countable disjoint union of measurable sets, 
all of the same measure, if § if measurable. Since 4(3) = 2x, we see 
a($) cannot be positive. But if a($) = 0, then 46) = 0. 

The procedures outlined above can be extended to more general 
topological groups, for example to compact groups having countably 
infinite normal subgroups. (For definitions and discussions of group, 
normal subgroup, etc., cf. [22]. Similarly, for topological groups cf. 
(29].) 


12. A set D such that for every measurable set A, us4(DnA) = 0 
and »*(D nA) = WA). 

A set D having this: property may be thought of, informally, as 
being the ultimate in nonmeasurability — D is as nonmeasurable as 
a set can be! The set D, as is the case with the nonmeasurable set A 
of Example 11, is again constructed with the aid of the axiom of 
choice, but the details are somewhat more complicated. For a com- 
plete discussion, see [18], p. 70. This example shows that every 
measurable set A contains a subset whose inner measure is equal to 
zero and whose outer measure is equal to the measure of A. It also 
shows that every set of positive measure contains a nonmeasurable subset. 

F. Galvin has given a construction of a family {£.},0 S ¢ S 1, 
of pairwise disjoint subsets of (0, 1] such that each has outer measure 1. 


13. A set A of measure zero such that every real number is a 
point of condensation of A. 

A point :- is a point of condensation of a set A if and only if 
every neighborhood of p contains an uncountable set of points of A . 
Let C' be the Cantor set of Example 1, and for any closed interval 
(a, 6], where a < 8, define the set C'(a, 8): 


C(a, 8) = {a + (8 — a)x|x € Ch. 
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Then C(a, 8) is a perfect nowhere dense set of measure zero. Let B 
be the set that is the union of all sets C(a, 8) for rational a and 8, 
where a < 8. Since B is the union of a countable family of sets of 
measure zero it is also a set of measure zero. On the other hand, since 
every open interval J must contain a set C(a, 8), and since every 
C(a, 8) is uncountable, every real number must be a point of conden- 
sation of B. (Cf. [14], p. 287.) 


14. A nowhere dense set A of real numbers and a continuous 
mapping of A onto the closed unit interval (0, 1]. 

The set A can be any Cantor set (Examples 1 and 4), since all 
Cantor sets are homeomorphic (Example 23). We shall describe a 
specific mapping ¢ for the Cantor set of Example 1. The mapping is 
that described in the second paragraph of Example 2: For any z € C, 
let O.cicocs3 --- be its ternary expansion, where c, = 0 or 2,7 = 1, 2, 
--- , and let 


Ci Cg 
aan 
where the expansion on the right is now interpreted as a nary 
expansion in terms of the digits 0 and 1. It is clear that the image of 
C, under ¢ , is a subset of (0, 1]. To see that [0, 1] < ¢(C), we choose 
an arbitrary y € [0, 1] and a binary expansion of y: 


y= 0.bibeb; cee 


¢(z) = 


Then 
% = 0.(2b1)(2b2)(2bs)--- 


(evaluated in the ternary system) is a point of C such that ¢(z) = y. 
Continuity of ¢ is not difficult to establish, but it is more conveniently 
seen in geometric ternis as discussed in the following example, where 
the mapping ¢ is extended to a continuous mapping on the entire 
unit interval (0, 1). 

It should be noted that ¢ is not one-to-one. Indeed, this would be 
impossible since C' and [0, 1] are not homeomorphic, and any one-to- 
one continuous mapping of one compact set onto another is & homeo- 
morphism (cf. [34], p. 192). (The set C is totally disconnected, having 
only one-point subsets that are connected, whereas its entire image 
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(0, 1] is connected.) An example of two points of C' that have the 
same image is the pair 0.022000000--- and 0.020222222--- , since 
their images are 0.011000000 and 0.010111111--- = 0.011000000. In 
fact, two points 2, and x2 of C have the same image, under ¢ , zf and 
only uf they have the form: 


21 = 0.c1€2° + -cn,2000--- and x. = 0.c1c2---c,0222--- . 


In other words, ¢(71) = $(x2) iff 2, and x. are endpoints of one of the 
open intervals deleted from [0, 1] in the construction of C’. Therefore 
¢@ 18 an increasing function on C, and strictly increasing except for 
such pairs of endpoints. (Cf. Example 30.) 

The following general theorem is an extension of the preceding 
“existence theorem,’ indicating what is possible in metric spaces for 
both continuous and homeomorphic (topological) images of the Cantor 
set (actually, of any Cantor set, by Example 23) and its subsets (for 
definitions, cf. the Introduction to Chapter 12): Every separable 
metric space 1s a continuous image of a subset of the Cantor set. Every 
compact metric space 1s a continuous image of the Cantor set. Every 
compact totally disconnected metric space 1s a homeomorphic image of a 
closed subset of the Cantor set. Every compact totally disconnected perfect 
metric space is a homeomorphic tmage of the Cantor set. (Cf. [1], pp. 
119-122.) 


15. A continuous monotonic function with a vanishing de- 
rivative almost everywhere. 

The function defined in Example 14 can be extended so that its 
domain is the entire unit interval [0, 1], as follows: If x € [0, 1] \ C, 
then xz is a member of one of the open intervals (a, b) removed from 
(0, 1] in the construction of C, and therefore ¢(a) = ¢(b); define 
o(x) = ¢(a) = ¢(b). In other words ¢ is defined to be constant on 
the closure of each interval removed in forming C’. On the interval 
[2, 2], ¢(z) = 4. On the intervals [$, #] and [%, 8], the values of ¢ 
are + and 2, respectively. On the intervals [s4, 37], 7, 3], (22, 291, 
and [33, 28], the values of ¢ are 3, 3, 3, and %, respectively. If this 
process is repeated indefinitely, we see that the function ¢ with 
domain [0, 1] is increasing there, and (locally) constant in some 
neighborhood of every point of [0, 1]\C. (Cf. Fig. 4.) Since ¢ is 
increasing on [0, 1] and since the range of ¢ is the entire interval 
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Figure 4 


[0, 1], ¢ has no jump discontinuities. Since a monotonic function can 
have no discontinuities other than jump discontinuities (cf. [34], p. 
52, Ex. 24), ¢ 1s continuous. Since ¢ is locally constant on the open 
subset [0, 1] \ C, which has measure 1, ¢’(z) = 0 almost everywhere 
in [0, 1]. The function ¢ just defined is called the Cantor function. 

In much the same way as the Cantor function is defined in terms 
of the Cantor set, other ‘Cantor functions’ can be defined in terms 
of other Cantor sets (of positive measure). Perhaps the simplest way, 
in terms of a given Cantor set A on [0, 1], to define the corresponding 
Cantor function g is to define g first on the closures of the successively 
removed intervals: on the central interval, g(x) = 4; on the next two 
the values of g are 3 and #, on the next four the values are 3, #, 3, |, 
etc. On the dense subset [0, 1] \.A, g is increasing and its range is 
dense in [0, 1]. Therefore the domain of g can be extended to (0, 1] 
so that g is increasing and continuous on [0, 1], with range [0, 1]. 

By making use of Example 5—a “Cantor set” of irrational 
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numbers — it is possible to construct a function h that is increasing 
and continuous on (0, 1], with range [0, 1], and such that h’(x) = 0 
for every rational number xz € (0, 1}. In fact, the range of h(x) for 
rational x € (0, 1] can be made equal to the entire set © n (0, 1] of 
rational points of [0, 1], instead of simply those of the form m/2” as 
in the preceding cases. In this way we obtain a function satisfying 
the requirements of Example 11g, Chapter 1. 
For a strictly monotonic example, see Example 30. 


16. A topological mapping of a closed interval that destroys 
both measurability and measure zero. | 

If ¢ is the Cantor function of Example 15, define a function y by: 

Wise) =zx+¢(r), OS 281, 

with range [0, 2]. Since ¢ is increasing on (0, 1], and continuous there, 
y is sricily creasing and topological there (continuous and one-to- 
one with a continuous inverse on the range of ¥). Since each open 
interval removed from (0, 1] in the construction of the Cantor set C 
is mapped by y onto an interval of [0, 2] of equal length, nx(WU \ C)) = 
u(l \ C) = 1, whence u(y(C)) = 1. Since C is a set of measure zero, 
y is an example of a topological mapping that maps a set of measure 
zero onto a set of positive measure. Now let D be a nonmeasurable 
subset of ¥(C) (cf. Example 12). Then ¥—!(D) is a subset of the set C 
of measure zero, and is therefore also a (measurable) set of measure 
zero. Thus y is an example of a topological mapping that maps a 
measurable set onto a nonmeasurable set. (See also Example 23.) 


17. A measurable non-Borel set. 

The set ¥—!(D) of Example 16 is a measurable set, but since it is 
the image under a topological mapping of a non-Borel set D, ¥—(D) 
is not a Borel set. (Cf. (20], p. 195.) 


18. Two continuous functions that do not differ by a constant 
but that have everywhere identical derivatives (in the finite 
or infinite sense). 

This example was given by Rey Pastor [38] (also cf. [10], p. 133).* 


*The example given by Pastor is in error. For a correct example see S. Saka, 
Theory of the sntegral, Warsaw (1937), pp. 205-206. 


98 


§. Sets and Measure on the Real Axis 


Let ¢ be the Cantor function of Example 15. On the unit interval 
[0, 1] define the function h(x) to be equal to zero on the Cantor set 
C , and on each open interval (a, b) removed in the construction of 
C define h(x) so that its graph consists of two congruent semicircles 
with diameter on the x axis, one semicircle lying above the z axis on 
the left-hand half of (a, b) and the other semicircle lying below the 
x axis on the right-hand half of (a, 6): 


f _ a\? 2W/2 

(@54) -@-##)] ve a<rsit?, 
h(x) = V9 2771/2 

-[ess) (e248) ]" i th cece 


Then h is everywhere continuous on the interval (0, 1]. Finally, let 
f(z) = 2(x) + h(x) and g(x) = $(z) + h(x). Then f(z) = g(x) 
for 0 S x S 1: for every x of the Cantor set C, f’(z) = g'(z) = +o; 
for every x that is the midpoint of an interval removed in the forma- 
tion of C, f(x) = g’(xz) = — ©; for every other xz € [0, 1) \ C, 
f(z) = g’(x) = h(x). On the other hand, f(z) — g(x) = ¢(2), and 
¢(zx) is not a constant function. 


19. A set in [0,1] of measure 1 and category I. 

First example: Let A, be a Cantor set in [0, 1] of measure (n — 1)/n, 
n=1,2,---,andletA = A,u A2.u --- . Then, since A, is nowhere 
dense, for n = 1, 2, --- , A is of the first category. On the other hand, 
since 


— | 
w(A,) =~ —— £p(A) $1 


forn = 1,2, ---, w(A) = 1. 
Second example: A second such set is given by the complement 


(relative to the unit interval) of the set of the second example 
under Example 20, below. 


20. A set in [0, 1] of measure zero and category II. 


First example: If A is the set of the first example under Example 19, 
above, then its complement A’ = [0, 1] \ A is of the second category 
(if it were of the first category, the interval [0, 1] would be a union 
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of two sets of the first category and hence also of the first category), 
and of measure zero (u([0, 1] \ A) + w(A) = 1). 
Second example: Let Q n [0, 1] be the range of a sequence {rp} , 


and for each pair of positive integers k and n, let Inn be an open 
-+oo 


interval containing r, and of length < 2-*". If A, = UI, and 
n=1 


B, = [0, 1]\ Az, then A; is an open set containing © n [0, 1] and 
having measure u(A;) < 2-*, and hence B; is a compact nowhere 
dense set of measure p(B,) > 1 — 2 *. (The measure of A; is less 
than or equal to the sum of the lengths of the intervals Tin, n = 1, 2, 


--- , and B; can have no interior points since it consists of irrational 
+c 


points only.) Therefore the set B = U B, is a subset of [0, 1] of 
k=1 +00 

measure 1 and of the first category; the set A = (.) Ax = [0, 1]\B 
k=1 


is a subset of [0, 1] of measure zero and of the second category. 


21. A set of measure zero that is not an F, set. 


First example: The first example under Example 20 cannot be a 
countable union of closed sets F's, F's, --+ , since if it were, each F,, 
would be a closed set of measure zero and therefore nowhere dense. 
But this would mean that the set under consideration would be of 
the first category. (Contradiction. ) 

Second example: The second example under Example 20, for the 
same reasons as those just given, has the stated properties. 


Third example: The non-Borel set of Example 17 is of measure 
zero, but cannot be an F, set since every F, set is a Borel set. 


22. A set of measure zero such that there is no function 
Riemann-integrable or not — having the set as its set of points 
of discontinuity. 

Each set under Example 21 is such a set, since for any function on 
® into & the set of points of discontinuity is an F, set (cf. Example 28, 
Chapter 2; also cf. Example 8, Chapter 4). 

The present example is of interest in connection with the theorem: 
A necessary and sufficient condition for a real-valued function defined 
and bounded on a compact interval to be Riemann-integrable there, is 
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that the set of its points of discontinuity be of measure zero (cf. [36], 
p. 153, Ex. 54). A careless reading of this theorem might lead one to 
believe that every set of measure zero is involved, since the condition 
of the theorem is both necessary and sufficient. 


23. Two perfect nowhere dense sets in [0, 1] that are homeo- 
morphic, but exactly one of which has measure zero. 

We shall prove even more: If C is the Cantor set on (0, 1] of measure 
zero and if A is any Cantor set on (0, 1] of positive measure, then 
there exists a homeomorphism f of [0, 1] onto [0, 1] such that f(C) = A. 
An immediate consequence of this will be the corollary that all Cantor 
sets are homeomor phic. 

The idea of the mapping is similar to that of the original Cantor 
function (Example 15): Arrange the intervals l,, Jz, --- and the 
intervals J:1, J2, --- deleted from [0, 1] in the formation of C and A, 
respectively, in the same “order sense.” That is, let J; and J: be the 
middle intervals first removed ; then let 2 and J2 be the “left middles”’ 
and J; and J; be the ‘Tight middles” next removed, etc. Then map 
the closure of J, onto the closure of J, linearly and increasingly, for 
n = I, 2, --- . Then f is defined and strictly increasing on a dense 
subset of (0, 1], and since its range is also dense on [0, 1], the con- 
tinuous extension of f to (0, 1] is immediate, as described in the second 
paragraph under Example 15. (Cf. Fig. 5.) The present function f is 
a second example of the type called for in Example 16. 


24. Two disjoint nonempty nowhere dense sets of real num- 
bers such that every point of each set is a limit point of the 
other. 

Let A be any Cantor set in (0, 1], and let B be the subset of A 
consisting of all endpoints of the open intervals that were deleted 
from [0, 1] in the construction of A, and let E = A\B. Then B 
and & satisfy the requirements. 

If the containing space is not restricted to being ® , examples are 
easily constructed. For instance, in the Euclidean plane two sets 
satisfying the stated conditions are the set of rational numbers on 
the x axis and the set of irrational numbers on the x axis. 
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Figure 5 


25. Two homeomorphic sets of real numbers that are of 
different category. 

We start by defining an increasing continuous function on (0, 1] 
that is similar toa Cantor function as defined in the second paragraph 
under Example 15. In the present instance let {J,} be the sequence 
of open sets removed from (0, 1] in the construction of a Cantor set 
A, as described in Example 23, and let {s,} be a one-to-one mapping 
of X onto © n (0, 1) . Define the sequence {r,} as follows: let r; = 81; 
let re = 8, where n is the least positive integer such that s, < 17; 
let rs = s&s where n is the least positive integer such that s, > 11. 
Then let r, = s, where 7 is the least positive integer such that s, < re; 
let rs; = 8, where 7 is the least positive integer such that rz. < 8, < 11; 
let rs = Sn where 7 is the least positive integer such thatr; < s, < 13; 
let 7 = s, where n is the least positive integer such that s, > rs. 
If this procedure is continued, the rational numbers between 0 and 1 
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Figure 6 


are arranged in a sequence {r,} in such a way that their order relation 
corresponds to that of the sequence of intervals J,, as indicated in 
Figure 6. In other words, tm < 1, if and only if J lies to the left of J,. 
We now define the function f so that f(z) = 7, if x belongs to the 
closure J, of Jn, n = 1, 2, ---. As in Example 15, f is defined and 
increasing on a dense subset of [0, 1], with range dense in [0, 1], and 
can be extended to a continuous increasing function mapping [0, 1] 
onto [0, 1]. If B and E are defined as in Example 24, then f maps B 
onto the set © n (0, 1), and E onto the set (0, 1) \ © of all irrational 
numbers between 0 and 1. In this latter case, the mapping between 
E and (0, 1) \ © is strictly increasing and bicontinuous. (The continuity 
of the inverse mapping follows from the order-relationship among the 
points of EF and the correspondence to that order-relationship among 
the points of (0, 1) \ ©.) Therefore E and (0, 1) \ © are homeomorphic. 
That is, any Cantor set shorn of its “endpoints” is homeomorphic to the 
set of irrational numbers between 0 and 1. But E is nowhere dense and 
hence of the first category, whereas (0, 1) \ © is of the second category 
(cf. Example 7). 

It should be noted that, in contrast to the sets of Example 23, the 
homeomorphism of the present Example cannot be induced from a 
homeomorphism between containing intervals. (If two spaces are 
homeomorphic and if two sets correspond under this homeomorphism, 
then if one is nowhere dense so is the other; if one is of the first 
category, then so is the other.) 


26. Two homeomorphic sets of real numbers such that one is 
dense and the other is nowhere dense. 

If, in Example 25, the rational numbers {r,} are not restricted to 
the interval (0, 1) but are permitted to encompass the entire set Q, 
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then a homeomorphism between E£ and the set 0 = ®\Q of all 
irrational numbers is obtained. The set E is nowhere dense, and the 
set © is dense. (Cf. the final paragraph under Example 25.) 


27. A function defined on & , equal to zero almost everywhere 
and whose range on every nonempty open interval is &. 

We shall arrive at the construction of a function f having the stated 
properties in stages. Our first goal is to define a function g on the 
open interval (0, 1) that maps the set C'n (0, 1), where Cis the Cantor 
set of measure zero, onto ®. If ¢ is the Cantor function (Example 
15), then g can be defined: 


g(x) = tan [r(¢(z) — 4), O<2e <1. 


The second step is to define, for an arbitrary open interval J = 
(a, 6), a subset Z, of measure zero and a function g; with domain Z, 
and range &. This can be done as follows: 


Zr = {a+ (b— a)z|[x € Cn(0,1)}, 


(2) =9(Z—*), 2dr, 


We start defining the desired function f by letting it be equal to 
zero on the set 9 of integers We now define a sequence { U,} of open 
sets as follows: Let U; = R\ 9, which is the union of all open in- 
tervals of the form (n, 7 + 1), where 7 is an integer. In each of these 
intervals J let Z; be the set of measure zero defined above, and on the 
set Z; define f to be equal to g;. The subset U2 of U; where f has not 
yet been defined is an open set, and therefore a union of disjoint 
open intervals. In each of these intervals I let Z; be the set of measure 
zero defined above, and on the set Z; define f to be equal to gr. 
The subset Us; of Uz where f has not yet been defined is again an open 
set, and therefore a union of disjoint open intervals. If the sets Z, 
are again defined as above, the domain of the function f can once more 
be extended, to include these sets of measure zero. Let this process 
continue, by means of a sequence {U,} of open sets each of which has 
a complement of measure zero. The function f thereby becomes de- 
fined on a set of measure zero — the complement of the intersection 
of U;, U2, «++, or equivalently, the union of their complements 
U,', Us’, +++ —in such a way that every nonempty open interval 
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must contai one of the open intervals J of one of the open sets Un, 
and therefore a set Z; on which the range of f is ®. Finally, we define 
f to be identically zero where it has not already been defined. 


28. A function on ®& whose graph is dense in the plane. 
The function of Example 27 has this property. 


29. A function f such that 0 S f(x) < + © everywhere but 
Jef(x) dx = + forevery nonempty open interval (a, b). 

A function having these properties can be constructed by repeating 
the procedures of Example 27, with the following two changes: (2) 
let the set C be replaced by a Cantor set of measure # on [0, 1] and 
(zz) define the function gr: 


g(x) = i x(Zr), 


where | J | denotes the length of the interval J and x(A) is the charac- 
teristic function of the set A (cf. the Introduction, Chapter 1). Each 
set Z, has measure 3| J |, and therefore the integral of g; over I is 
equal to 1/(2| J |). Since every nonempty interval of the form (c, d) 
contains subintervals J of arbitrarily small length, the integral 
fé f(x) dz is arbitrarily large and hence, being a constant, is equal to 
+ %, 


30. A continuous strictly monotonic function with a vanishing 
derivative almost everywhere. (See page 195 for elaboration.) 

A function f with these properties is given by A. C. Zaanen and 
W. A. J. Luxemburg [3], as follows: If ¢ is the Cantor function of 
Example 15, let ¥(x) = ¢(z) if x € [0,1] andy(xz) = Oifz € &\ (0, 1], 
let {[a, , ba]} be the sequence of closed intervals [0, 1], (0, 4], [4, 1], 
(0, 3) » [d, 3], -°- , (0, 4], -++ , and define 


f(z) = ye ¥(2= 


= for 0 S27 <1. 


31. A bounded semicontinuous function that is not Riemann- 
integrable, nor equivalent to a Riemann-integrable function. 

The characteristic function f of a Cantor set A of positive measure 
on (0, 1] is bounded and everywhere upper semicontinuous. Since its 
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set of points of discontinuity 1s A, which has positive measure, f is 
not Riemann-integrable on [0, 1). Two functions are equivalent iff 
they are equal almost everywhere. If the values of f are changed on a 
set of measure zero, the resulting function also has a set of positive 
measure as its set of points of discontinuity. 


32. A bounded measurable function not equivalent to a Rie- 


mann-integrable function. 
The function of Example 31 has this property. 


33. A bounded monotonic limit of continuous functions that 
is not Riemann-integrable, nor equivalent to a Riemann- 
integrable function. (Cf. Example 10, Chapter 4.) 

The function f of Example 31 can be obtained as the limit of a 
decreasing sequence {f,} of continuous functions as follows: For any 
open interval J = (a, b), where O < a < b S 1, and for any positive 
integer n, define the function gp,,7: 


1 if OS72 
1 if bS2z 


IIA 
& 


IIA 
-_ 


of o+2>%sne5-254 
Jn, (2) = 
b—a 


linear if a@SzvSa+ on 


< 
2 


If {J,} is the sequence of open intervals removed from (0, 1) in the 
formation of the Cantor set A of positive measure (cf. Example 23), 
define the sequence {f,,}: 


fi = J1Ji) 
fe = 92.3,°92.32) 
In = 9Jn.J"GniJg° °° ° ° Gna: 


34. A Riemann -integrable function f, and a continuous func- 
tion g, both defined on [0, 1] and such that the composite 
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function f(g(x)) is not Riemann-integrable on [0, 1], nor 
equivalent to a Riemann-integrable function there. (Cf. Ex- 
ample 9, Chapter 4.) 

The function of Example 31 isof the required form f(g(z)) if f(z) 
is defined to be 0 for 0 S x < 1 and 1 forz = 1, and if g(z) 1s defined 
to be lif x € A, and 1 — 3$(6 — a) + |x — $(a 4+ BD) | if x belongs to 
an interval J = (a, b) removed from [0, 1] in the formation of A. 
The function g(x) is continuous since for all z; and z, of (0, 1), 


| gz) — g@)| S | a1 — 22. 


Note that by appropriate use of “bridging functions” (cf. Example 
12, Chapter 3) the functions g,,, of Example 33 and the portions 
defining the function g of Example 34 — and therefore the functions 
f, of Example 33 and the complete function g of Example 34 — may 
be replaced by infinitely differentiable functions. 

Finally, it should be noted that in the reverse order this example is 
impossible. In other words, every continuous function (with a com- 
pact interval as domain) of a Riemann-integrable function is Riemann- 
integrable. (Cf. [36], p. 153, Ex. 55.) 


35. A bounded function possessing a primitive on a closed in- 
terval but failing to be Riemann-integrable there. 

Let the function g be defined for positive z (cf. Example 2, Chapter 
3) by the formula g(x) = x’ sin(1/z), and for any positive number 
c, let x be the greatest positive z less than or equal to c such that 
g (x) = 0. For any positive c define the function g, for0 < z Sc: 


_fg) if 0<zs xn, 
gz) = 8 if ~Srse. 


If A is any Cantor set of positive measure on [0, 1], define the func- 
tion f as follows: If z € A let f(z) = 0, and if.z belongs to an interval 
I = (a, b) removed from (0, 1) in the formation of A, let 


fle) = ner? if a<zs hat d), 
~ \g(—z#+b) if 4a@+56) Sz <b, 


where c = 3(b — a). | 
If x is any point of A and if y is any other point of [0, 1], then either 
f(y) = 0 or y is a point of some removed interval J = (a, b). In the 
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former case, | (f(y) — f(z))/(y — z)| = 0 < |y — zx]. In the latter 
case, let d be defined to be the endpoint of (a, 6) nearer y. Then, with 


c= 3(b _ a), 


iy) — f(e)| _| fy) | |S) 
y—2 y—z| |y—d 
=~ (Clu = ad) < [ly at) yal sly 2. 


Therefore, in either case, | (f(y) — f(z))/(y — z)| S| y — x|, and 
zonsequently f’(x) = 0 for every x € A. 
On the other hand, if x belongs to any removed interval (a, b), 


[f’(x) | S | 2z sin (1/z) — cos (1/z)| S 


for some z between 0 and 1, so that f is everywhere differentiable on 
[a, b] , and its derivative f’ is bounded there. 

Finally since lim,.o; g’(y) = 1 (ef. Introduction, Chapter 2), it 
follows that for any point x of A, lim,.,f’(y) = 1. Therefore the 
function f’ is discontinuous at every point of A, and hence on a set of 
of positive measure. The function f’ therefore satisfies all conditions 
specified in the statement above. 

A construction similar to the above was (presumably first) given 
by the Italian mathematician V. Volterra (1860-1940) in Giorn. di 
Battaglini 19(1881), pp. 353-372. 


36. A function whose improper (Riemann) integral exists but 
whose Lebesgue integral does not. 

If f(z) = sin 2/z if x ¥ 0 and f(0) = 1, then the improper integral 
fo” f(x) dx converges conditionally (cf. [34] p. 465). That is, the 
integral converges, but { 0” | f(z) | dz = +. This means that the 
function | f(x) | is not Lebesgue-integrable on (0, +), and therefore 
neither is f(z) . 


37. A function that is Lebesgue-measurable but not Borel- 
measurable. 

The characteristic function of the Lebesgue-measurable non-Borel 
set in Example 17 satisfies these conditions. 
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38. A measurable function f(x) and a continuous function 
g(x) such that the composite function f(g(x)) is not meas- 
urable. | 

In the notation of Example 16, let EH = y—1(D). Then the charac- 
teristic function f = xz of the set E is measurable and g = y7! is 
continuous, but the composite function f(g(x)) is the nonmeasurable 
characteristic function of the nonmeasurable set D. 

It should be noted that in the reverse order this example is impos- 
sible. In other words, every continuous function of a measurable 
function is measurable. 


39. A continuous monotonic function g(x) and a continuous 
function f(x) such that 


[ 1@ ag) # [ t@¢'@) ae. 
0 0 


Let f(z) = 1 on [0, 1], and let g be the Cantor function ¢ of Ex- 
ample 15. Then the Riemann-Stieltjes (cf. [386], p. 179) or Lebesgue- 
Stieltjes integral (cf. [18], [80], and [32]) on the left above is 
equal to ¢(1) — ¢(0) = 1, while the Lebesgue integral on the 
right is equal to 0 since the integrand is almost everywhere equal 
to 0. 


40. Sequences of functions converging in different senses. 

If f, fi, fo, °°: are Lebesgue-integrable functions on either the 
unit interval [0, 1] (more generally, on a measurable set of finite 
measure) or the real number system ® (more generally, on a measur- 
able set of infinite measure), then there are many senses in which 
the statement 


lim fa = f 

n> 
may be interpreted. We shall consider here four specific meanings, 
indicate the implications among them, and give counterexamples 
when such implications are absent. We shall indicate by the single 
letter S either [0, 1] or ® as the domain for the functions concerned. 
The four interpretations for the limit statement given above that 
we shall consider are: 
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(4) Convergence almost everywhere*: 
im fa(x) = f(x) for almost every z € S. 


(it) Convergence in measure: 


Ve>0, lim ufz|| f(x) — f(z) | > e} =0. 


(177) Mean convergencef: 


tim f | falz) — fle) | de = 0. 
nwo vS 


(tv) Dominated convergencet: 
Convergence almost everywhere holds, and there exists a 
Lebesgue-integrable function g such that | f,(z)| S$ | g(x) | 
forn = 1, 2, --- and almost all x € S. 


We start with two statements concerning the implications that 
hold among (z}-(iv). If S is of finite measure, then 


(wv) = o, => (12). 


a 


If S is of infinite measure, then 


, (2) 
(») = (2. = (it). 
(Cf. [18], [30], and [32].) 
Examples now follow to show that all of the implications missing 
above may fail. For all but the last one, each of the examples serves 


for spaces of either finite or infinite measure, since all of the func- 
tions involved are zero for x € & \ [0, 1]. 


* A closely related type of convergence is convergence everywhere, which has 
a rather trivial relationship to (2). 

+ This is the same as convergence in the Banach space L! of all integrable 
functions, reduced modulo functions almost everywhere equal to zero. This 
can be generalized by means of an exponent p 2 1 to convergence in the Banach 
space L? of measurable functions the pth powers of whose absolute values are 
integrable, reduced modulo functions almost everywhere equal to zero. For 
further discussion, see [16], [18], [29], and [32]. 

¢t The type of dominated convergence needed, in case (272) 1s replaced by 
convergence in L?, is that given by | f.(z)| < | g(x)|, where g € L?. 
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(4) + (222): Let f(z) = 0 for all z € @, 


_jn wf O<az<il/r, 
In(t) = ‘0 if 2€R\ ©, 1/n), 
forn = 1,2,---. 
(t) + (iv): Same as (2) # (ci2) since (tv) => (222). 
(127) + (2): Let f(z) = 0 for all z € ®. For each n € XN, write 
n = 2k +m, whereO S m < 2%, k = 0,1, 2, --- ; then kand m are 
uniquely determined by n. Let | 


p Meg emt i 
i(a)= ll BST SE 


0 otherwise for z€ &. 


Then fs |fa(z) — f(z) |dz = 2-* >0asn— + o , but lim,.4. fa(z) 
exists for no x € [0, 1]. 

(112) = (tv): Same as (277) + (2) since (iv) = (2). 

(17) + (7): Same as (277) + (2), since for the function f, of that 
example, and any positive ¢, 

ufz| | f(z) - fe}| > e} S 2*-0 as n> +o, 

(12) +> (272): Let f(z) = 0 for all x € ®, and for any n€ © let k 

and m be determined as in the example for (227) + (2). Let 
koe m m + 1 

iaye > STS 


Q otherwise for zx € &. 
Then for any positive number e¢, 
ufz|| f(z) — f@)| > e} $2* 0 as n> +0, 
but f |fale) — fla)lde = 140 as n> +~, 
§ 

(tt) + (w): Same as (77) + (2) or (22) # (272), since (2v) = (2) and 
(iv) => (222). 

Finally, we give an example where the space S is the space ® 


of infinite measure: 
(2) + (72): Let f(z) = 0 forall zvE€ &, 


1 if nSxSsntl, 
fn(x) = 
\O otherwise for 2 € &. 
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41. Two measures p and » on a measure space (X, S) such that 
» is absolutely continuous with respect to v and for which no 
function f exists such that »(E) = f EJS(x) d(x) for all E € S. 

Let X = @ and let S be the class of all subsets of X. For any set 
E € S define 


(E) = 0 if E is countable, 
BV") \ 4-0 if Eis uncountable, 
n if £E consists of n points, n = 0, 
(HE) = {0 if E is infinite. 
Then »(£) = 0=> E = @ and hence p(E) = 0, so p» is absolutely 
continuous with respect to v. On the other hand, if f is a function 
such that 


w(E) = | fz) de(a) 


for all sets EZ, then this equation holds in particular when £ is an 
arbitrary one-point set, E = {y}, in which case 


w(Z) = 0 =f f(x) do(x) = f(y). 


But this means that the function f is identically 0, and consequently 
that u(Z) = 0 for every E € S. (Contradiction.) 

If we interpret + ~ -0 as 0, the following statement is true: If f zs 
a nonnegative extended-real-valued function measurable with respect to 
a measure function v on a measure space (X, S) and if 


u(E) = [ f(z) dv(2) 


for.all measurable sets E, then p 1s a measure function on (X, S) that 
as absolutely continuous with respect to v. The preceding counterex- 
ample shows that the unrestricted converse of this statement is false. 
The Radon-Nikodym theorem (cf. [18]) is a restricted form of the 


converse, 
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Chapter 9 


Functions of Two Variables 


Introduction 

In this chapter a basic familiarity with the concepts of continuity 
and differentiability of functions of two variables — and for the last 
two examples, line integrals, simple-connectedness, and vector analy- 
sis — will be assumed. If f(z, y) is a differentiable function of the two 
variables z and y, its partial derivatives will be alternatively denoted: 


F = f(x,y) = ay), = = f(x,y) = fal, y), 


a = fal, 9) = fulz, 9), on = fa, y) = fut, y), + 
A region is a nonempty open set R any two of whose points can be 
connected by a broken line segment lying completely in R. 


1. A discontinuous function of two variables that is con- 
tinuous in each variable separately. 


Let the function f(z, y) with domain ® X & be defined: 
( ry . 2 2 
—— f xrty #0, 
f(z, y) = (x + y? d 
0 if r=y=0. 
Then f {s discontinuous at the origin since arbitrarily near (0, 0) 


there exist points of the form (a, a) at which f has the value }. On 
the other hand, for any fixed value of y (whether zero or nonzero), 
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the function g(z) = f(z, y) is everywhere a continuous function of z. 
For a similar reason f(z, y) is a continuous function of y for every 
fixed value of zx. 


2. A function of two variables possessing no limit at the origin 
but for which any straight line approach gives the limit 
zero. 

Let the function f(z, y) with domain ® X & be defined: 


xy 2 , 
_*Y_ ¢f a+y0, 
f(xy siete nd 


0 if zsz=y=0, 


and let Z be an arbitrary straight line through the origin. If LD is 
either coordinate axis, then on L, f(z, y) is identically zero, and hence 
has the limit 0 as (zx, y) — (0, 0) along L. If Lis the line y = mz, 
then on J, f(z, y) has the value 
3 
mx _ mz 
fe, mt) = et 
for x ¥ 0. Therefore limz.o f(z, mz) = 0. In spite of this fact, f(z, y) 


is discontinuous at (0, 0) since, arbitrarily near (0, 0), there are 
points of the form (a, a?) at which f has the value 4. 


3. A refinement of the preceding example. 
Let the function f(z, y) with domain ® X ® be defined: 
—1/z2 


é y . 
f(x,y) = e-2/z2 4. ¥ if x #0, 


0 if «= 0, 


and let C be an arbitrary curve through the origin and of the form 
x” = (y/c)" or y = cx™, where m and 7 are relatively prime posi- 
tive integers and c is a nonzero constant (x 2 0 in case n is even). Then 
if the point (z, y) is permitted to approach (0, 0) along C, we have: 
—1/z?_ —m/jn 
lim f(x, cz") = lim —4{ _* ___ = 9, 
20 >) e 2/2 go amin + Cc 
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(Cf. Example 10, Chapter 3.) In spite of the fact that the limit of 
f(x, y) as (x, y) approaches the origin along an arbitrary algebraic 
curve of the type y = cx” is zero, the function f(z, y) is discon- 
tinuous at (0, 0) since there are points of the form (a, e~/*’) ar- 
bitrarily near (0, 0) at which f has the value 3. 


4. A discontinuous (and hence nondifferentiable) function of 
two variables possessing first partial derivatives everywhere. 
Each function of the three preceding examples has these properties. 


5. Functions f for which exactly two of the following exist 
and are equal: 
lim f(x, y), lim lim f(x, y), . lim lim f(x, y). 
(ay) (a,b) za yb y>b 2a 


Let the three limits written above be designated (72), (27), and (72), 
respectively. The following functions are such that the indicated 
limit does not exist but the other two do and are equal: 

(z): Example 1, with (a, b) = (0, 0). 
_jJyt+asin(l/y) if y £0, 
(1): f@, y) = {% if y= 0, 
with (a,b) = (0, 0). 
Ley _fx+ysin (l/r) if «#0, 

(iit): f(x, y) = ‘0 if 2 =0, 
with (a, b) = (0, 0). 

In both examples (77) and (iz), 


If@,y) |S |el+ ly] S 2@? + y)”, 


and hence lim¢.y)+(0,0) f(z, y) = 0. Each iterated limit, (77) or (772) 
that exists 1s equal to 0. 

It should be noted that if both limits (2) and (17) exist they must 
be equal, and that if both limits (7) and (777) exist they must be equal 
(cf. [34], p. 184). 


6. Functions f for which exactly one of the following exists: 


lim f(x,y), lim lim f(x, y), lim lim f(x, y). 
y>b =a 


(xy) (a,b) >a y>b 
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As in Example 5, designate the three limits above by (2), (12), and 
(412), respectively. The following functions are such that the indicated 
limit exists but the other two do not: 
x sin (1/y) + ysin (1/z) if zy €0, 
@: fey = {54 OY * 
with (a,b) = (0,0). 


ry _ 1, 
i: fan) = eae: if xz <0, 
0 if x= 0, 
with (a, b) = (0, 0). 
1 
(iii): f(z, y) = aap t tains if y <0, 
0 if y = 0, 
with (a, b) = (0, 0). 


7. A function f for which lim... lim,., f(x, y) and 
lim, ., limz... f(%, y) exist and are unequal. 


2 
If fanaery 
0 f t=y=0, 
then 
lim lim f(z, y) = lim (@%/2*) = 1, 


lim lim f(z, y) = lim (—y’/y’) = -1. 
ye0 2-0 y0 


8. A function f(x, y) for which lim,.of(x, y) = g(x) exists 
uniformly in x, lim..of(%, y) = h(y) exists uniformly in y, 
lim..9 g(x) = lim,.o A(y), but limy.y)..0,0) f(x, y) does not exist. 
_ fl if zy £0, 
Let fle») = 44 if zy = 0. 
Then 


. 1 iff «<0, 
g(a) = lim se, = if c= 0. 
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_ _ jl if y XO, 
hty) = im se, w) = {9 if y =0, 


and both of these limits are uniform over the entire real number sys- 
tem. However, since there are points arbitrarily near (0, 0) at which 
f is equal to 0 , and points arbitrarily near (0, 0) at which f is equal to 
1 , the limit of f(z, y) as (2, y) — (0, 0) cannot exist. 

It should be noted that by the Moore-Osgood theorem (cf. [36], 
p. 313), the present counterexample is impossible if all points ofthe 
form (0, y) and all points of the form (z, 0) are excluded from the 


domain of f. 


9. A differentiable function of two variables that is not con- 
tinuously differentiable. 
If 
‘x? sin (1/z) + y?sin (1/y) if zy ¥ 0, 
z?sin (1/x) if +¥0O and y=0, 
f(t, ¥) =) sin (1/y) if c=0 and y XO, 
0 if t=y=Q0, 


then both functions 


f(z, 4) = {0° sin /e) — cos (i/z) if xz #0, 


f(t, y) = ‘0! an ae cos (1/y) if y <0, 


are discontinuous at the origin and hence f is not continuously dif- 
ferentiable there. However, f is differentiable everywhere. For ex- 
ample, f is differentiable at (0, 0), since for h? + k? ¥ 0, f(h,k) — 
f(O, 0) can be written in the form 

f2(0, O)h + f,(0, O)k + ax(h, k)h + eEx(h, kk, 
where 


lim exr(h, k) = lim €2(h, k) = (), 
(hk )-» (0,0) (4,k)-> (0,0) 


Indeed, this representation takes the specific form 
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(asin) a+ (isin 2) if hk < 0, 


f(h, k) — f(0, 0) = (isin T) b+ O-k iff h~0O and k= 0, 


h, 


r)# iff h=0 and k <0. 


0O-h+ (isin ; 


10. A differentiable function with unequal mixed second order 
partial derivatives. 


If y” 
f(z, y) = ve 
0 if rz=y=0, 


if a t+y <0, 


then 
x if zx <0, 
WO =, 10,8) 9 if 2 <0 
mo |OUdi&G , 
—y if 7] ~ 0, 
FA, 9) = 1, fn0) _ 9 if y —0 
h->0 h , 
and hence at the origin, 
fa(0, 0) _ tim 0) ~~ HO, 0) — lim ” — 1, 
ro h 
lim k 


The function f is continuously “hteren table since both df/dx and 

of/dy are continuous everywhere. In particular, df/dz is continuous 

at the _ since, for x? + y? ~ 0, 

_ |aty + 4e'y ry | < (2° + y")” 

x (e+ PF ~ (+ y) 
The present example would be impossible in the presence of con- 

tinuity of the mixed partal derivatives f., and fy: in a neighborhood 


_— 6(2° + y’)?. 
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of the origin. In fact (cf. [84], p. 263) iff, f. and f, exist in a region 
R and tf fa (or fyz) exists and 7s continuous at any point (a, b) of R, 
then fz (or fey) also exists at (a, b) and fey = fyz there. 


11. A continuously differentiable function f of two vari- 
ables x and y, and a plane region R such that 0f/dy vanishes 
identically in R butf is not independent of y in R. 

Let L be the ray (closed half-line) in ® X &: 


L= {(@z, y) |x = 0,y¥ = 0}, 
and let R be the region (R X &) \ L. The function 


, af if «>O and y>Q, 
v,Y ={0 otherwise for (x, y) € R, 


is continuously differentiable in R and, in fact, has continuous second 
order partial derivatives. (If 2? is replaced by e-/=*, f has continuous 
partial derivatives of all orders.) Although the first partial derivative 
fo(x, y) of f with respect to y vanishes identically throughout R, the 
function f is not independent of y; for instance, f(1, 1) = 1 and 
f(1, — 1) = 0. This example demonstrates the invalidity of the fol- 
lowing argument in showing that a function f having identically 
vanishing first partial derivatives throughout a region & is constant 
there (cf. [34], p. 280): “Since df/dz = 0, f does not depend on 2; since 
of/dy = 0, f does not depend on y; therefore f depends on neither 
x nor y and must be a constant.’’ If the intersection with a region 
R of every line parallel to the y axis is an interval, the present 
counter example becomes impossible (cf. [34], p. 288, Ex. 32). 


12. A locally homogeneous continuously differentiable func- 
tion of two variables that is not homogeneous. 

A function f(z, y) is homogeneous of degree n in a region F iff 
for all x, y, and positive \ such that both (2x, y) and (Az, Ay) are in 
R, fz, Ay) = rA* f(z, y). A function f(z, y) is locally homogeneous 
of degree 7 in a region R iff f is homogeneous of degree n in some 
neighborhood of every point of R. ) 

Let L be the ray (closed half-line) in R X @: 


L = {(z,y)|z =2,y 2 Of, 


121 


IT. Higher Dimensions 


and let R be the region (R X &) \ LZ. The function 
f(a, y) = {Yr if x>2 and y>QO, 


y® otherwise for (z, y) € R, 

is continuously differentiable in R (in fact, f has continuous second 
order partial derivatives). Since, for \ near 1 and for any (2, y) € R, 
f(rx, Ay) = A(z, y), f is locally homogeneous of degree 3 in R. 
However, f is not homogeneous of degree 3 in & since, for the point 
(x,y) = (1, 2) and for A = 4, f(x, y) = 8 and f(4z, 4y) = f(4, 8) = 
1024 ~ 4%-8. The function f is not homogeneous of degree n for any 
nm x 3 since if it were it would be locally homogeneous of degree n, 
which is clearly impossible. 


13. A differentiable function of two variables possessing no 
extremum at the origin but for which the restriction to an 
arbitrary line through the origin has a strict relative minimum 
there. 
The function 
f(z, y) = y — 2*)(y — 32%) 

has no relative extremum at the origin since there are points of the 
form (0, b) arbitrarily near the origin at which f is positive, and also 
points of the form (a, 2a?) arbitrarily near the origin at which f is 
negative. If the domain of f is restricted to the x axis, the restricted 
function 324 has a strict absolute minimum at z = 0. If the domain 
of f is restricted to the y axis, the restricted function y? has a strict 
absolute minimum at y = 0. If the domain of f is restricted to the 
line y = mz through the origin where 0 < |m| < +, the restricted 
function of the parameter z: 


g(x) = f(x, mz) = (mx — x*)(mz — 32?) = mx? — Amr? + 3zt 
has a strict relative minimum at the origin since g’(0) = Oandg’(0) = 


2m? > 0. 


14. A refinement of the preceding example. 
The function 


jes y= {Cy Bm) it 2 


y? if xz=0 
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has no relative extremum at the origin (cf. Example 13), but if the 
domain of f is restricted to the algebraic curve y = cr”, where m 
and n are relatively prime positive integers and c is @ nonzero con- 
stant (x = 0 in case n is even), the restricted function of the param- 
eter x: 


g(x) = f(x, calm) = (cx! — ee" )(cxmn — Be-V*) 
_— y2min[¢? —_ Ace Nz y—min + Ze~Wz" g—2mIny 
has a strict relative minimum at 2 = 0. This is true since the factor 


x?!" is positive for x ~ 0, while the quantity in brackets has the posi- 
tive limit c? as zt — 0. 


15. A function f for which d/dx [2f(x, y) dy ¥ J2 [0/axf(x, y)] dy, 
although each integral is proper. 
The function 
x ely 
flay) = 
0 if y=Q0, 


if y>0O, 


with domain. the closed upper half-plane y 2 0, is a continuous 
function of x for each fixed value of y and a continuous function of 
y for each fixed value of z, although as a function of the two vari- 
ables z and y it is discontinuous at (0, 0) (let y = x”). By explicit 
integration, 


g(x) = | f(a, y) dy = xe 


for every real number z (including x = 0), and hence g(x) = 
e-*" (1 — 2x?) for every real number x (including x = 0). For x ¥ 0, 


nee 4 
(= — =) dy = e7(1— 2x”), 


1 1 
_ —22 fy 
| filz, y) dy —_ l € y? y? 


while for x = 0, since f,(0, y) = 0 for all y (including y = 0): 
1 1 
| flO, y) dy = | 0 dy = 0. 
0 
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Therefore, 
J(0) =1 | f(0,v) dy =o. 


Each integral evaluated above is proper since in every case the 
integrand is a continuous function of the variable of integration. 


16. A function f for which So So f(x,y) dy dx x fo Sof(xyy) dx dy, 
although each integral is proper.. 
Let 
y? if O<r<y<il, 
f(z,y) =4-2 if O< y<2< i, 
0 otherwise if OS7851, OSyS81. 


For0 < y <1, 


o—, 
= 
& 
~~ 
~~ 

oy 
ll 
o— 
%| & 
( 
2, 
“| & 
ll 
s 


and therefore 


pun, 
e 


1 1 1 
i [ fey dzdy = | ldy = 
Similarly, forO < z < 1, 
1 _ * dy dy 
[ Hay) &y = [ v4 Po —1, 


and therefore 
1 1 1 
[ [tenaa= [ (Hae = -1. 
0 0 0 


17. A double series 2 m,n @mn for which om 2in@mn # Don QomOmny 
although convergence holds throughout. 

Let (dmn), where m designates the number of the (horizontal) row 
and n designates the number of the (vertical) column, be the infinite 
matrix (cf. Example 20, Chapter 6): 


lo 
pa 
pa 


| 
ol all So 
low 
© wim | 
S wl wl Colm 
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Then 
+00 
Dy Amn = 2" AWLP oe SPM m= 1, 2 --, 
and hence 
+00 +00 
27 dy Amn = 1+ 21+ 2 + ++. = Q, 
m=l1 n= 
Similarly, 
+00 +00 +00 
y 2, Amn = > (—2"") = —2, 


(Cf. [14], p. 109.) 


18. A differential P dx + Qdy and a plane region R in which 
P dx + Q dy is locally exact but not exact. 
The expression 


P dx +Qdy, 


where P and Q are continuous in a region & of ® X &, is called an 
exact differential in 2 iff there exists a differentiable function ¢ 
defined in F& such that 


throughout #. The expression P dx + Q dy is calledlocally exact in 
a region F# iff it is exact in some neighborhood of every point of R. A 
necessary and sufficient condition for Pdx + Qdy to be exact in a 
region & is that for every sectionally smooth closed curve C lying in 
R the line integral of P dx + Q dy vanishes: 


[ Pact Quy =o. 


(Cf. [34], p. 587.) A necessary and sufficient condition for P dz + Q dy, 
where P and Q are continuously differentiable, to be locally exact in a 
region #& is that at every point of R 
oP _ 2Q 
oy ox 
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The expression 
Pde+ Qdy = -—" ak + ly 
ety ety 
is locally exact throughout the ‘punctured plane”’ 
R= {(z,y)|2? + y? > Of, 


since 


ay a +P 
if 22 + # > 0. On the other hand, P dx + Q dy is not exact in R, 
since if Cis the unit circle x = cos 0, y = sin 6,0 S @ S 2z, then, 
with 6 as parameter, 


[ Pact Qa = [ ((—sin 6)(—sin @) + cos? 6] d§ = 27 <0. 


It should be noted that if R is simply-connected (cf. [34], p. 598), 
then P dx + Qdy is exact in RF iff it is locally exact in R (ef. [34], 
p. 601). 


19. A solenoidal vector field defined in a simply-connected 
region and possessing no vector potential. | 


A vector field (cf. [34], p. 568) Pi + Qj + Rk, where P,Q,andR 
are continuously differentiable functions over a region W in three- 
dimensional Euclidean space, is said to be solenoidal in W iff its 
divergence vanishes identically there: 


If a vector field F is the curl (cf. [34], p. 572) of a vector field G, in a 


region W , the vector field G is called a vector potential for F. 
Since the divergence of the curl always vanishes identically (cf. [34], 
p. 572), any vector field that has a vector potential is solenoidal. The 
converse, however, is not true, as the example 


Fee tepmal sy tad, 
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for the region 
W={@y2)[2+y°+ 2 > Of, 


shows. That F is solenoidal is shown by straightforward differenti- 
ation : 


x f(a? ty t 2) x} + > for ty + 2) Py} + ee 
= + yt aye (227 + + 2%} 
+ (@? — 2y? + 27) +--+) =0. 


That F has no vector potential G can be shown by consideration of 
the sphere x? + y? + 2? = 1. If denotes the outer normal unit vector 


for this sphere S, then the surface integral { {s F-7 dS is equal to 
If {(x° + y° + 2) (44 + yi + 2k) ; (2? + yp? 4 Zu 
8 
(xi + yj + zk) dS = [ [ras = ar, 


However, if F were the curl of a vector potential, then by Stokes’s 


theorem (cf. [34], pp. 636, 637), the surface integral { {s F-n dS over 
the closed surface S would vanish. The region W is simply-connected 
(cf. [34], pp. 639, 640). 

Simple-connectedness of a region can be thought of thus, that any 
simple closed curve in the region may be shrunk to a point without 
leaving the region. In the “punctured space” region W of this example, 
any simple closed curve not passing through the origin can be shrunk 
to a point without passing through the origin — and hence without 
leaving W. The kind of pathology for the region W that permits the 
present counterexample is the impossibility of shrinking spherical 
surfaces — or “‘sphere-like” surfaces — to a point without leaving W. 
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Chapter 10 
Plane Sets 


Introduction 

In this chapter we shall assume that the reader is familiar with the 
elements of the topology of the Euclidean plane, including such ideas 
as boundedness, openness, closedness, compactness, denseness, and 
nowhere-denseness. A few other concepts are defined in the following 
paragraphs. In each case the space is assumed to be the Euclidean 
plane, Fe. 

The distance d(A, B) between two nonempty sets A and B is 
defined : 


d(A, B) = inf {d(p, q) |p € A, € B}, 


where d(p, q) is the distance between the points p : (a, y:) and 
q : (2, yz), and is given by the formula [(ve — 21)” + (4% — ys)*]2. 
Thus, the distance between two sets is always nonnegative, is zero if 
the sets have a point in common, and may be zero if the sets are 
disjoint. If the sets are disjoint and compact, their distance is positive 
(cf. [34], p. 200 (Ex. 17)). The diameter 5(A) of a nonempty set A 
is defined 


6(A) = sup {d(p, g) |p € A, € A}, 


is always nonnegative, and is finite if and only if A is bounded. 
If A is compact its diameter is attained as the distance between two 
of its points (cf. [84], p. 200 (Ex. 18)). 

A closed disk is a set of the form 


{(a, y) | (@ — hk)? + (y — k)? S 73}, 
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for some point (h, k) and a positive number r. An open disk is 
defined similarly, with the inclusive inequality S being replaced by a 
strict equality <. 

Two nonempty sets A and B are separated iff they are disjoint and 
neither contains a limit point of the other: An B = AnB = @Q. 
A nonempty set # is connected iff there do not exist two nonempty 
separated sets A and B whose union is #. A set containing more than 
one point is totally disconnected iff its only connected subsets are 
one-point sets. A set A is locally connected iff whenever p € A and 
N isa neighborhood of p there exists a subneighborhood M of p such 
that every pair of points of 1 belongs to a connected subset of N. 

An arc is a continuous mapping into F, of a closed interval (which 
may be taken to be the unit interval [0, 1]), or the range of such a 
mapping. In this latter case, when the arc is considered as a point-set, 
the mapping is called a parametrization of the arc. If the mapping 
is f(t) = (x(t), y(4), the functions z(¢) and y(t) are called the para- 
metrization functions for the mapping. If f(t), a < ¢ < 6, is an 
are, and if a = a < a1 < --: < a, = Bb, then the polygonal arc made 
up of the segments f(a0)f(ai), f(a:)f(ae), +++, f(dn—1)f (an) is called an 
inscribed polygon, and the supremum of the lengths 


d(f(ao), f(ar)) + a(F(ar), f(az)) + +++ + dG (GQn-1), (Gn) 


for all inscribed polygons for the given arc is called the length of 
the are. An arc is rectifiable iff its length is finite. An arc 1s rectifiable 
iff its parametrization functions are both of bounded variation (cf. 
[36], p. 353 (Ex. 27)). An arc f(t), fora S ¢ S b, is a closed curve 
iff f(a) = f(0). 

An arc f(t) is simple iff it is a one-to-one mapping. In this case its 
inverse is also continuous and the mapping is a homeomorphism 
(cf. [34], p. 240). If y = g(x) is continuous on [a, b] then its graph is 
a simple are (with parametrization z = t, y = g(t), t€ [a, b]). A 
simple closed curve is an arc f(t) such that if its domain is the closed 
interval [a, b], then f() = f(é) iff ti = t or {t1, fe} = {a,b}. Equiva- 
lently, a simple closed curve is a homeomorphic image of a circle. 

A region 1s a connected open set. The Jordan curve theorem 
states that the complement of any simple closed curve C consists of 
two disjoint regions for each of which C is the frontier. (Cf. [33].) A 
Jordan region is either of the two regions just described, for some 
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simple closed curve C. A non-Jordan region is a region that is not 
a Jordan region. 

If {C,} is a decreasing sequence of nonempty compact sets 
(C, D Cra for n = 1, 2, ---), then there exists at least one point 
belonging to every C,, n = 1, 2, ---;i1n other words, the intersection 
of the C,’s is nonempty: Naa: C, ~ @ . (Cf. [34], p. 201 (Ex. 30).) 

A set A is convex iff the closed segment joining any pair of points 
of A lies entirely in A. (A one-point set is considered to be a special 
case of a closed segment.) Since any intersection of convex sets is 
convex and since the plane is convex, every set in the plane is con- 
tained in a “smallest convex set,” the intersection of all convex sets 
containing it. This resulting smallest convex set is called the convex 
hull of the given set. Its closure, called the convex closure of the 
set, is the smallest closed convex set containing it (cf. [36], p. 332 
(Ex. 39)). 

A mapping is open iff the image of every open set of its domain is 
open. A mapping is closed iff the image of every closed set of its 
domain is closed. 

For some of the examples of this chapter some familiarity with 
plane Lebesgue measure and integration will be assumed. References 
to Lebesgue theory are given in the Bibliography, and cited in 
Chapter 8. 


1. Two disjoint closed sets that are at a zero distance. 

Let F, = {(2, y)|zy = 1}, Fe = {(@, y)|y = 0} = the z-axis. 
Then F, and Ff are closed and disjoint. For any ¢ > 0, the points 
(2/e, €/2) and (2/e, 0) in F, and F2, respectively, are at a distance 
$5 <E. 


2. A bounded plane set contained in no minimum closed disk. 

By a minimum closed disk containing a given bounded plane set 
A we mean a closed disk containing A and contained in every closed 
disk that contains A. An arbitrary two-point set is contained in no 
minimum disk in this sense. In contrast to this, any nonempty 
bounded plane set is contained in a closed disk of minimum radius. 
Any nonempty plane set A is contained in a minimum closed convex 
set in the sense that A is contained in a closed convex set (its convex 
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Figure 7 


closure) that is itself contained in every closed convex set that contains 
A. In the space ® of one dimension every nonempty bounded set is 
contained in a minimum closed interval 


3. “Thin” connected sets that are not simple arcs. 

In the present context the word “thin”? means “nowhere dense in 
the plane.” 

First example: The set 


S = {@,y) ly = sin (1/z), O< 2s 1} u {(,0)} 


is not a simple arc because it is not compact ({0} X [—1, 1] C S,). 
Second example: If S; is the set of the first example, let | 


S: = S, = {(z, y)|y = sin (1/z), 0 < z S 1} U ({0} X [—1, 1)). 
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Then although S is compact, the removal of an arbitrary set of 
points from the segment {0} X [—1, 1] does not disconnect S2. It will 
be shown in Example 11 that the set S, of this example is not an arc. 
In Example 24 we shall describe a connected set in the plane that 
becomes éofally disconnected upon the removal of one point. 


4. Two disjoint plane circuits contained in a square and con- 
necting both pairs of opposite vertices. 

For purposes of this example a ‘‘circuit’’ will mean a nowhere dense 
connected set. Let the square be [—1, 1] X [-—1, 1], and let the 
circuits be given as follows (cf. Fig. 7): 


A={@yly=it#—-% -l S250} 
u {(z, y) |y = $sin (4/27) +34, O<z<]} 
u{@y|z=1, $8 ys 1}. 
GQ={zyly=-k+4 -l1S280} 
u {(z, y) |y = 3 sin (x/2x) —-34, O<ze<}} 
u{(z,y)|z=1, -lSysH. 


Then C, connects (—1, —1) to (1, 1) and C, connects (—1, 1) to 
(1, —-1), andCinC, = @. 


5. A mapping of the interval [0, 1] onto the square [0, 1] X< [0,1]. 
If ¢ € (0, 1), let O.t:t3 --- be a binary expansion of é, and to 
avoid ambiguity we assume that this expansion contains infinitely 
many binary digits equal to 0. The point (x, y) of the unit square 
S = (0, 1] X (0, 1] that is the image of ¢ under the mapping f is defined 
x= 0.ttdts--- , y = O.blile---. 
Finally, define f(1) = (1,1). It is not difficult to see that f is a many- 
to-one onto mapping. For example, the point (0.1, 0.1) is the image 
of precisely three distinct pomts 0.11, 0.100101010101--- , and 
0.011010101--- . 
The mapping f is not continuous. For example, if {é,} 1s the sequence 


0.0011, 0.001111, 0.00111111, 0.0011111111, 


and if (2a, yn) = f(¢,), then the sequences {z,} and {y,} are both 
0.01,, 0.011, 0.0111, 0.01111, ---. 


e *> 
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1 2 3 #4 123456 --- 


I I I 
Figure 8 


However, & — 0.01, and (a,, Yn) — (0.1, 0.1), while f(0.01) = 
(0.0, 0.1) ¥ (0.1, 0.1). That is, limy...0 f(én) ~ f(limn.+40 tn). 

It is left as an exercise for the reader to show that f is neither open 
(the image of the open interval from 0.101 to 0.111 contains the 
point (0.1, 0.1) but does not contain it in its interior) nor closed (the 
image of the closed interval from 0.001 to 0.01 has the point (0.1, 0.1) 
as a limit point but not a member). 


6. A space-filling arc in the plane. 

By a space-filling arc we mean an arc lying in a Euclidean space 
of dimension greater than one and having a nonempty interior in that 
space (it 1s not nowhere dense). In 1890 the Italian mathematician 
G. Peano (1858-1932) startled the mathematical world with the first 
space-filling arc. We present here a description (given in 1891 by the 
German mathematician D. Hilbert (1862-1943)) of an arc that fills 
the unit square S = [0, 1] x [0, 1]. Higher-dimensional analogues can 
be described similarly. | 

As indicated in Figure 8, the idea is to subdivide S and the unit 
interval J = [0, 1] into 4" closed subsquares and subintervals, re- 
spectively, and to set up a correspondence between subsquares and 
subintervals so that inclusion relationships are preserved (at each 
stage of subdivision, if a square corresponds to an interval, then its 
subsquares correspond to subintervals of that interval). 

We now define the continuous mapping f of J onto S: If z€ J, 
then at each stage of subdivision xz belongs to at least one closed sub- 
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interval. Select either one (if there are two) and associate the corre- 
sponding square. In this way a decreasing sequence of closed squares 
is obtained corresponding to a decreasing sequence of closed intervals. 
This sequence of closed squares has the property that there is exactly 
one point belonging to all of them. This point is by definition f(z). 
It remains to be shown that (7) the point f(z) is well-defined, that is, 
independent of any choice of intervals containing x; (77) the range of 
f is S; and (272) f is continuous. The details are left to the reader. 

It should be noted that the mapping f just defined is many-to-one 
in places. (For example, the three points 3, $, and § are all mapped 
onto the point (3, 4).) Thisisinevitable, since if f were one-to-one, 
then it would be a homeomorphism, whereas J and S are not homeo- 
morphic (removal of any three points disconnects J but not S). The 
fact that f is many-to-one is somewhat paradoxical since it seems to 
say that J has more points than S! 


7. A space-filling arc that is almost everywhere within a 
countable set. 

If ¢ is the Cantor function of Example 15,-Chapter 8, if f is the 
mapping of the preceding Example 6, and if g(r) = f(¢(2)), theng 
maps the Cantor set C onto the unit square [0, 1] < [0, 1], and the 
complementary set [0, 1] \C onto the image under f of the set of 
points of the form m-2-*, where n is a positive integer and m is a 
positive integer less than 2". | 

The present example could also be described as a space-filling arc 
that 1s almost everywhere stationary, or a space-filling arc that is almost 
everywhere almost nowhere. 


8. A space-filling arc that is almost everywhere differentiable. 

By “almost everywhere differentiable’ we mean “defined by para- 
metrization functions that are almost everywhere differentiable.’ The 
mapping defined in Example 7 has this property. 


9. A continuous mapping of [0, 1] onto [0, 1] that assumes 
every value an uncountable number of times. 

Each of the parametrization functions of the space-filling arcs of 
Examples 6 and 7 has this property as, indeed, must each para- 
metrization function for any continuous mapping of [0, 1] onto 
(0, 1] X [0, 1]. Each of the parametrization functions for the mapping 
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of Example 7 has the additional property that zt 7s differentiable with 
a vanishing derivative almost everywhere. (Cf. [2].) 


10. A simple arc in the unit square and of plane measure 
arbitrarily near 1. 

As was seen in Example 6, no simple arc can fill the unit square 
S = [0, 1] X [0, 1]. By the same argument, every simple arc in the 
plane is nowhere dense. It would appear from this that a simple arc 
cannot occupy “very much” of S. In particular, it cannot occupy 
almost all of S, since if a simple arc A in S had measure equal to 1 it 
would be dense in S, and being closed it would be equal to S. How- 
ever, it zs possible for a simple arc A to have positive plane measure. 
Indeed, if ¢ isany number between 0 and 1, there exists a simple arc 
A whose plane measure is greater than 1 — e. We now outline a 
proof of this remarkable fact. 

The general procedure will be to modify the construction given in 
Example 6 by cutting open ‘‘channels’ between adjacent subsquares 
of S that do not correspond to adjacent subintervals of J. After the 
first stage the “subsquares” become subquadrilaterals which, in turn, 
are subdivided by lines joining opposite midpoints. Further open 
channels are cut out, and each closed quadrilateral is reduced to a 
sequence of exght subquadrilaterals. The first subdivision and the 
general scheme, where squares are used instead of general quadri- 
laterals, for simplicity, are shown in Figure 9. The second stage is 
shown in Figure 10. In both cases the channels deleted are indicated 
by shading. After 7 stages there are 8” closed quadrilaterals, those 
numbered 8k — 7 to 8k being subquadrilaterals of the quadrilateral 
numbered *& at stage n — 1 (k = 1, 2, ---, 8™-'). Furthermore, at 
each stage, two quadrilaterals are adjacent if and only if they bear 
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measure is indicated in Figure 11. This is somewhat simpler con- 
ceptually than the construction just described, but has the dis- 
advantage that certain subintervals of [0, 1] are mapped onto sets of 
zero plane measure. The construction suggested in Figure 11 produces 
a simple arc containing A X A, where A is a Cantor set. Since, for 
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0 <e <1, wemay chose A to have (linear) measure at least ~/1—e, 
the arc in question has plane measure at least 1 — e. 

The American mathematician W. F. Osgood (1864 1943),1n 1908 (cf. 
[37]) constructed a simple arc having plane measure greater than 
1 ¢eby making use of a Cantor set A of linear measure greater than 
4/1 — e. The simple arc was constructed in such a way that it 
contains the product set A X A. 


11. A connected compact set that is not an arc. 

The set Se of the second example of Example 3 is not an are because 
it is not locally connected: If N = {(z, y) | (2, y) € Se, x? + y? < 3}, 
there is no neighborhood of the origin that is a subneighborhood of N 
in which every two points can be joined by a connected set lying in 
N (ef. [17], p. 204). 


12. A plane region different from the interior of its closure. 
Let S = {(a, y)| 2? + y? < 1} \ (0, 1) X {0}), i-e., an opendisk 
with a slit deleted. Then 


S={zy|e’2+y sl, 


and the interior of S is 1(8) = {(z, y)| a? + y?2 < 1}. 

Since every Jordan region is equal to the interior of its closure 
((36], p. 477), this is a simple example of a region that is not a Jordan 
region. Example 14, below, shows that not every region that is equal 
to the interior of its closure is a Jordan region. 


13. Three disjoint plane regions with a common frontier. 
This example is most easily described by means of a story. A man 
lives on an island in the ocean. On the island are two fresh-water 
pools, one of cold and the other of hot water, and the man wishes to 
bring all three sources of water to within a convenient distance from 
any point of the island. He proceeds to dig channels, but always in 
such a way that the island remains homeomorphic to its original 
form. He starts by permitting the ocean to invade his island, coming 
within a distance of at most one foot of each point of his residual 
island (but not into contiguity with the fresh-water pools). He then 
extends the cold fresh-water domain in a similar fashion, and follows 
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this by forming channels for the hot fresh-water, with the result that 
every point of the island thus remaining is within one foot of all 
three types of water supply. Unsatisfied with this result the islander 
repeats the triple process just described in order to have each type 
of water within a half foot of each pomt remaining on the island. 
Again he is not satisfied, and refines the approximation to within a 
quarter-foot. He then extends this process to an mfinite sequence of 
steps, each time halving the critical distance, and also the time of 
completion in order to finish in a finite length of time. If we assume 
that the original “island” is a compact disk with two inner disjoint 
open disks removed, and that the ‘“‘ocean”’ is the open planar comple- 
ment lying outside this disk, and that all extensions of the three 
original regions remain homeomorphic to their original forms, we 
obtain three final disjoint regions, Ai, Re, and Rs, each being a 
union of the regions of an infinite sequence of regions. The final 
‘“sland,”’ similarly, is the intersection F of the islands of an infinite 
sequence, and is the common frontier of the three regions Ri, Re, 
and 3. Since the complement of F consists of three disjoint regions 
instead of two, no one of the regions Ay, Re, and R3 is a Jordan 
region. (For a discussion and proof of the Jordan curve theorem, see 
[33].) On the other hand, each of these three regions 1s equal to the 
interior of its closure as we shall see in the following Example 14. 

The preceding construction may be carried out with any finite 
number of (indeed, with countably many) disjoint regions. If more 
than four regions are used we can thus produce a ‘‘map”’ in which 
all ‘“‘countries’”’ have a common frontier. This shows that the famous 
four-color problem requires careful formulation to avoid a trivial and 
negative solution. (Cf. [13].) 


14. A non-Jordan region equal to the interior of its closure. 
Let R be any one of the regions R:, Re, and Rs defined in Example 
13. As has been noted, & 1s not a Jordan region. On the other hand, 
R is equal to the interior of its closure, as we shall now demonstrate. 
In the first place, since R C R and R is open, R = I(R) C I(R). 
We now wish to show the reverse inclusion: J(R) = I(RuF) CR. 
If this were false, there would be a point p of F that is an interior 
point of R u F. But this means that there is a neighborhood N of p 
that lies in R u F and therefore contains no points of either of the 
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remaining two regions, in contradiction to the fact that every point 
of F is a limit point of each of the three regions R;, R2, and Rs. 


15. A bounded plane region whose frontier has positive 


measure. 
Let A be a Cantor set of positive measure in [0, 1] , and let 


R = (0,1) X (—1,1)) \(A X [0, 1)). 


Then RF is a region and 
F(R) = ({0} X [—1, I]) u ((1} X [-1, ]) u (A X (0, 1)) 
u (@, 1) X {1} u(@, 1) x {-1)), 


whence n(F(R)) = w(A) > 0. Clearly R is not a Jordan region 
(I(R) # R). (Cf. [14], p. 292.) (See Example 4, Chapter 11 for a 
Jordan region having a frontier with positive plane measure. ) 


16. A simple arc of infinite length. 
First example: Let 


f(a) = 0 if c=1/n, nEN, nodd, 
7 ~ \l/fn if «c=1fn, n€ MN, neven, 


let f(0) = 0, and let f(z) be linear in each interval [1/(n + 1), 1/n], 
n € 9. Then the graph of f(x), for z € [0, 1], is a simple arc of 
infinite length because of the divergence of the harmonic series. 

Second example: Let f(x) = x sin (1/z) for x € (0, 1] and f(0) = 0. 
The graphof f(z), forz € [0, 1],is again a simplearc of infinite length 
for the same reason as in the first example. The lengths of inscribed 
polygonal arcs dominate sums of heights of individual arches of the 
graph of f(z), and these sums have the form >, 2/(2n — 1)z. 

In contrast to the two preceding examples, the graph of the function 
defined f(x) = xz? sin (1/z) for x € (0, 1] and f(0) = 0 is of finite 
length for x € [0, 1], since it is differentiable and its derivative is 
bounded there. (Cf. [36], p. 353 (Exs. 24 and 27), p. 176 (Theorem IT).) 


17. A simple arc of infinite length and having a tangent line 
at every point. 


If f(z) = 2? sin (1/2?) for x € (0, 1] and f(0) = 0, the graph of 
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f(z) for x € [0, 1] is a simple arc of infinite length for reasons given 
for the second example of Example 16. The graph of f(z) has a tangent 
line at every point since f(x) is everywhere differentiable. 


18. A simple arc that is of infinite length between every pair 
of distinct points on the arc. 

First example: Let f(t) = (x(t), y(¢)) be any space-filling are mapping 
(0, 1] onto (0, 1] X [0, 1] and possessing the additional property that 
f maps every nondegenerate interval of [0, 1] onto a set having a 
nonempty (two-dimensional) interior. (The mapping of Example 6 
has this property.) Then the graph of either x(é) or y(é), for ¢ € [0, 1], 
has the stated properties. To see that the graph of z(t) fora St S b 
has infinite length, for example, we may use the fact (cf. Example 9) 
that z(t) assumes at least two of its values uncountably many times 
each. 

Second example: Let f be a mapping of the type described in Ex- 
ample 10 and such that every nondegenerate subinterval of (0, 1] is 
mapped onto a set of positive plane measure. Then f has the properties 
specified above, since any rectifiable simple arc has plane measure 
zero (cf. [36], p. 436). 

Third example: The graph of any function that is everywhere con- 
tinuous and nowhere differentiable on a closed interval (cf. Example 
8, Chapter 3) has the desired properties since if this graph were 
rectifiable the function would be of bounded variation, and every 
function of bounded variation is differentiable almost everywhere. 
(Cf. [16].) 

Fourth example: Cf. [14], p. 190. 


19. A smooth curve C containing a point P that is never the 
nearest point of C to any point on the concave side of C. 

Let the curve C' be the graph of y? = z!, which is everywhere con- 
cave up, and let P = (0, 0). If (a, d) is a point lymg above C and if 
a =~ 0, then clearly (a, a?) is nearer (a, 6) than (0, 0) 1s. If 6 is an 
arbitrary number greater than or equal to 1, then the point (4, 5) is 
nearer (0, 6) than (0, 0) is Finally, if bis an arbitrary positive number 
less than 1, then the point (6, 0“) is nearer (0, 6) than(0, 0) is. The 
idea is that the origin is a point of infinite curvature (zero radius of 
curvature) of C’. (Cf. [84], p. 258 (Ex. 16).) 
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20. A subset A of the unit square S = [0, 1] X #0, 1] that is 
dense in S and such that every vertical or horizontal line that 
meets S meets A in exactly one point. 

What we are seeking is a one-to-one correspondence f with domain 
and range [0, 1] and with a graph dense in S. We start by defining 
f(z) forz € ©, 1) n Q, in stages. Let the points of B = ((, 1]n Q) x 
((0, 1] @) be arranged in a sequence: (1, y:), (2, Y2)) **°. 
We define f(r1) = y: for the zero stage. For stage one we partition B 
into four disjoint parts by vertical and horizontal bisecting lines, 
((0, 4] Q) X (CO, 3] n Q), (0, 31m Q X ((Z, 1] Q), --- , and denote 
these parts in any order: Bu, Bis, Bis, Big. Denote by (21, yn) 
the first point of the sequence {(z,, y,)} that belongs to Bu and is 
such that neither 7 = 21 nor yu = y:, and let f(zu) = yn. Denote 
by (a2, y12) the first point of the sequence {(2n, yn)} that belongs to 
Bi, and is such that 2 is different from both x; and zu and y» is 
different from both y~ and yu, and let f(xi2) = yw. After f(x13) is 
defined similarly to be equal to yz, we denote by (ru, y14) the first 
point of {(z,, yn)} that belongs to Biz and is such that zy is different 
from 21, 2, X12, and 23, and yy is different from y1, yu, to, 
and 73, and define f(zu) = yu. This completes stage one. Stage two 
is similar, with B partitioned into sixteen = 4? parts by further ver-. 
tical and horizontal bisections, Bu, Bos, ---, Bo,e. For each of 
these parts in turn we define f at a rational point not yet in its domain 
and having as value a rational point not yet in its range. If this 
procedure is indefinitely continued, with B partitioned into 4" con- 
gruent parts at stage 7 , a function f having the specified properties 
for (0, 1] n © is obtained. Finally, we extend the domain and range 
of f to (0, 1] by defining f(x) = z for x € (0, 1] \ ((0, 1]n Q). 


21. A nonmeasurable plane set having at most two points in 
common with any line. 

This example, due to W. Sierpinski [44], depends for its construction 
on the maximality principle, appearing in the form of the well- 
ordering theorem and also in the form of Zorn’s lemma (of. [16], 
[30], and [46]). We start by listing four statements having to do with 
cardinal and ordinal numbers: 

() If a is an infinite cardinal, then a? = a (cf. [16] and [46}). 
(it) The cardinality { of the set of closed sets of positive plane 
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measure is c, the cardinal number of ®. (Since the closed sets and 
their complements are in one-to one correspondence, f < the cardinal 
number of the set of all open sets. Since every open set is a countable 
union of open disks having rational radii and centers with rational 
coordinates, we see that f = c. Since the closed disks centered at 
the origin constitute a set of cardinality c, we see that f = c.) 

(177) Let © denote the first ordinal number corresponding to the 
cardinality c (cf. Example 10, Chapter 12). Then {ala < W} has 
cardinality c. 

(iv) If Fis a linear measurable set of positive linear measure, then 
the cardinality of EF is c. (FE contains a closed linear set F of positive 
linear measure. F is the union of a countable set (possibly empty) and 
a (necessarily nonempty) perfect set. (Cf. [20] and [45].)) 

Let a — F, bea one-to-one mapping of the set {a |a < ¥} onto the 
set of all closed sets of positive plane measure. Let S be the family of 
all functions p(a@) whose domains have the form [1, 8) for some 6 S Y, 
whose ranges are subsets of the plane, and are such that 

(a) p(a) € F. for every a € domain of p(a), 

(b) no three points in the range of p(a) are collinear. 

Let G be the set of all ranges of the functions in 5, and let G be 
partially ordered by inclusion. Then by Zorn’s lemma (cf. [16], [80], 
and [46]) there exists a maximal set E € &, which is the range of a 
function q(a) of the set s. If the domain of q(a) is [1, 8), we shall now 
show that 8 = W by assuming the contrary, 8 < W, and obtaining a 
contradiction. If 6 is the cardinal number corresponding to 8, then 
b < 6b? < ¢ (the strict inequality b < 6 holding iff 1 < 6 and 6 is 
finite). This means that the cardinality of the set of all directions de- 
termined by pairs of points in the range FE of g(a) is less than c, 
and therefore that there exists a direction 6 different from all direc- 
tions determined by pairs of points in EH. Then some line ZL in the 
direction 6 must meet the set Fs in a set of positive linear measure 
(by the Fubini theorem). Since this latter set has cardinality c there 
is a point pg € Fg such that pg is collinear with no pair of points in 
the range of g(a). We now extend the function q(a) so that itsdomain 
is [1, 6] = [1,8 + 1),and so that q(8) = pg. Then this extended func- 
tion g(a) has both properties (a) and (b) and its range is strictly 
greater than the maximal member FE of G. This is the desired con- 
tradiction, and therefore 8 = W, the domain of the function q(qa) 
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consists of all a less than VY, and the range EF of q¢(a) contains a point 
Da from every closed plane set F, of positive plane measure. 

We now show that the set # is nonmeasurable by assuming the 
contrary and obtaming a contradiction. Indeed, if H is measurable, 
then so is its complement E’ , and since E’ contains no closed plane 
set of positive plane measure, £’ must have measure zero. On the other 
hand, since every line in the plane meets F in at most two points, H 
must also have measure zero (by the. Fubini theorem). Therefore the 
entire plane, being the union of the two sets # and E’ of measure zero, 
must also be of measure zero, and we have the desired contradiction. 

We note too that if S is any set of positive plane measure, then 
Sn is nonmeasurable. Otherwise the Fubini theorem implies that 
u(S nH) = 0, whence p(S \ £) > 0. Thus S \ # contains some closed 
set F of positive plane measure. Since Fn EL = Q, there is a contradic- 
tion of the basic property of HL: E meets every closed set of positive 
plane measure. 

S. Mazurkiewicz [31] constructed a plane set # meeting each line 
of the plane in precisely two points. However, such a set HE may be 
measurable and indeed is then of measure zero. The reason for this 
is the form of the construction which depends only upon the existence 
of a set /, in the plane such that EL, meets every line in a set of car- 
dinality c. The set EH is then formed as a subset of Fi. 

However, sets enjoying the property of #, may have plane measure 
zero. For example, let C’ be the Cantor set on [0, 1] and let 


Ay = (RX C)uC X &). 


Then clearly each line meets F; in a set of cardinality c and yet Fy 
is a (closed) set of plane measure zero. 

In [3] the construction of a ‘“Mazurkiewicz set’ is given in answer 
to a problem posed in that journal. 

F. Galvin has shown the following: If 1 <n S Wo, where &p is 
the cardinality of 9v, there is a nonmeasurable set S in the plane such 
that the intersection of S with any line consists of precisely n points. 


22. A nonnegative function of two variables f(x, y) such that 
1 1 1 ql 
[ [ fe ydvay= [ | fe,y) dy dx = 0 
0 0 0 
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and such that SSsfx, y) dA, where S = [0,1] X [0, 1], does 
not exist. 

We shall give two examples, one in which Riemann integration is 
used and one in which Lebesgue integration is used. 


First example: Let f be the characteristic function of the set of 
Example 20. Then for every y € [0, 1], f ; f(z, y) dz = 0, and for 
every x € (0, 1], {j f(z, y) dy = 0, the integrals being those of 
Riemann. However, the double Riemann integral over S fails to 
exist, since for the function f the upper and lower Riemann integrals 
are equal to 1 and 0, respectively. 

Second example: Let f be the characteristic function of the set of 
Example 21. Then the iterated integrals are again both equal to zero, 
where the integration is that of either Riemann or Lebesgue, while 
the function f is not measurable on S, and hence has no double 
Lebesgue integral there. 


23. A real-valued function of one real variable whose graph is a 
nonmeasurable plane set. 


Let f(x) be defined as follows, for z € @: 
fc) = Ot (z,y)€ EF} if tyl@y)€ B®, 
O if {y| (zy) € E} =9, 
where E£ is the set of Example 21. Let E, = { (2, f(z)) |z € a} n EZ, 
E, = E \ E,. Then either £, or Ee (or both) must be nonmeasurable 
since their union is &. If £, is nonmeasurable, then 
F = {(z,f(x)) |x € Q}, 


the graph of f, is the union of £, and a subset of the x axis; hence, 
since the latter has plane measure zero, F is nonmeasurable. If FE, 
is nonmeasurable, let g(x) be defined, for x € @: 


min{y|(z,y)€ E)} if {y|(@,y) € B} 
g(t) = 


f 


consists of two distinct points, 
0 otherwise. 


Then G = {(z, g(z)) |z € @}, the graph of g, is the union of FE, 
and a subset of the z axis, and hence nonmeasurable. There must exist, 
then, in one way or the other, a function whose graph is a nonmeasur- 
able plane set. 
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24. A connected set that becomes totally disconnected upon 
the removal of a single point. 

We give only a sketch. For details see (25]. 

Let C be the Cantor set of Example 1, Chapter 8, let B be the subset 
of C consisting of all endpoints of the open intervals that were deleted 
from (0, 1] in the construction of C, and let E = C\B (cf. Example 
24, Chapter 8). For every x € C let L(x) be the closed segment join- 
ing the points (z, 0) and (1, 1) in the plane. If z € B let S(x) consist 
of those points of L(x) whose ordinates are irrational, and if zx € E 
let S(x) consist of those points of L(x) whose ordinates are rational. 
Then S = U,¢¢ S(z) is a set having the required properties. 

The connectedness of S is proved by means of arguments involving 
sets of the first and second categories, and we shall omit the discus- 
sion. If S = S\{(1, 1}, then So is totally disconnected. For if 
E Cc &p, if & contains more than one point, and if E is a subset of 
any S(z), x € C, then E is clearly not connected. On the other hand, 
if p and q are two points of Sp on two distinct intervals L(x) and L(y), 
where z and y € C and x < y, there is in the complement of Sy a 
straight line through (1, 1) that separates p and g, namely the straight 
line passing through (1, 1) and any (a, 0) where x < a < y and 
aé€gC. 
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Introduction 

The concept of area is based on that of the Riemann double in- 
tegral. A bounded plane set S is said to have area iff its characteristic 
function xs is (Riemann) integrable over a closed rectangle R con- 
taining S and such that the sides of R are parallel to the coordinate 
axes. If S has area, its area A(S) is equal to the double integral of 
xs over R: 


A(S) = If xs dA. 


These definitions are meaningful in the sense that the concepts of 
having area and of area are independent of the containing rectangle 
R. If R is subdivided into closed subrectangles by means of a net 9 
of lines parallel to the sides of R, then some of these subrectangles 
may be subsets of S, and some may be subsets of the complement 
S’ of S. For any such net J, let a(Jt) be the sum of the areas of all 
subrectangles that are subsets of S (a(Jt) = O in case there are no 
such: subrectangles), and let A(9t) be the sum of the areas of all 
subrectangles that are not subsets of S’ (that is, that intersect S 
nonvacuously). The inner area and outer area of S, denoted 
A(S) and A(S), respectively, are defined as the supremum of a(Jt) 
and the infimum of A(t), respectively, for all nets J of lines parallel 
to the sides of R: 


A(S) = sup a(%),  A(S) = inf A(9). 
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Again, these definitions are independent of R. A bounded set S has 
area iff A(S) = A(S), and in case of equality, A(S) = A(S) = A(S). 

A necessary and sufficient condition for a bounded set S to have 
area is that its frontier F(S) have zero area, or equivalently, that F(S) 
have zero outer area. Since for any bounded set S, F(S) is a compact 
set (and hence measurable as a plane set), and since for compact sets 
outer area and outer plane (Lebesgue) measure are identical, a 
bounded set has area iff its frontier has plane measure zero. 

The preceding statements concerning area apply in similar fashion 
to volume, for sets in three-dimensional Euclidean space. A generaliza- 
tion of area and volume that applies to Euclidean spaces of any num- 
‘ber of dimensions — and, indeed, to much more general spaces — is 
Jordan content. (Cf. [86], p. 431.) Lebesgue measure is a generaliza- 
tion of Jordan content in the sense that every set that has content is 
measurable, and its content and measure are equal. The principal 
advantages of Lebesgue measure over Jordan content lie in the broader 
applicability of measure to limiting processes. For an elementary 
treatment of plane area and volume, including proofs of many of the 
preceding statements, cf. [36], pp. 431-465. 

Examples 7 and 8 of this chapter concern surface area. For a dis- 
cussion of this subject see the references given in connection with 
these two examples. 


1. A bounded plane set without area. 

The set S = (Qn (0, 1]) X (©n (0, 1]) of points in the unit square 
both of whose coordinates are rational is without area since its 
frontier FS) does not have zero area. (The set F'(S) 1s the unit square 
itself and hence has area equal to 1.) The outer area of S is 1 and its 
inner area is 0. 


2. A compact plane set without area. 

Let A be a Cantor set of positive measure ¢ (Example 4, Chapter 
8), and let S = A X [0, 1]. Then F(S) = S, and the plane measure 
of F(S) is equal to the linear measure ¢ of A. Since F(S) = S isa 
compact set its outer area is equal to its measure, and js thus positive. 
Therefore S is without area. The outer area of S is equal to ¢ and its 
inner area is 0. 
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3. A bounded plane region without area. 
The region R of Example 15, Chapter 10 is bounded and without 


area. 


4. A bounded plane Jordan region without area. 

Let € be a positive number less than 1, and let A be a simple arc 
with parametrization f(t), 0 < ¢ S 1, lying in the unit square 
(0, 1] X [0, 1], and of plane measure greater than 1 — de (cf. Ex- 
ample 10, Chapter 10). Let C’ be the simple closed curve formed by 
the union of A and the three segments {0} X[ 4e, 0], {1} * [—4e, 0], 
and [0, 1] X {—4e}, and let R be the bounded region having C as 
its frontier. Then F is a Jordan region and its frontier has outer area 
greater than 1 — ge > 1 —e>O0O., 


5. A simple closed curve whose plane measure is greater than 
that of the bounded region that it encloses. 

If C and RF are the curve and region defined in Example 4 and if u 
is plane Lebesgue measure, then 


u(RuC) = wh) + w(C) S14 Fe. 
Therefore, since u(C) > 1 — $e, it follows that 
u(R) < é€. 


The measure of R is less than that of C’ whenever ¢ < 2. Simul- 
taneously, the measures of R and C' can be made arbitrarily near 0 and 
1, respectively. 


6. Two functions ¢ and y defined on [0, I] and such that 

(a) o(x) < ¥(x) for x € [0, 1], 

(b) fo [y(x)  ¢(x)] dx exists and is equal to I, 

(c) S= {(@, y)|0 Ss x S 1, 6%) < y < Y(x)} is without area. 

Let ¢(x) be the characteristic function of © n [0, 1] and let y(x) = 
o(x) + 1. Then (a) and (6) are clearly satisfied, while F(S) is the 
closed rectangle [0, 1] X [0, 2] of positive area, whence S is without 
area. The outer area of S is 2 and its inner area is 0. 

This example is of interest in connection with Cavalieri’s Princi- 
ple, which states that if every plane I parallel to a given plane I 
intersects two three dimensional sets Wi and W, in plane sections of 
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equal area, then W, and W2 have equal volume (ef. [18]). A two- 
dimensional analogue states that if every line L parallel to a given 
line Ly intersects two plane sets S, and Sz in segments of equal length, 
then S, and S& have equal area. The present example shows that 
unless S; and Se are assumed to have area, this statement is false. 
(The sets S; and S, can be taken to be the set S of (c) and the closed 
square [0, 1] X [8, 4], respectively, with the family of parallel lines 
being the family of all vertical lines.) Construction of a three-dimen- 
sional counterexample to Cavalien’s Principle is left as an exercise 
for the reader. 


7. A means of assigning an arbitrarily large finite or infinite 
area to the lateral surface of a right circular cylinder. 
Let S be the right circular cylinder 


={(z,y2|e?%+y=1, OSzS 2 


of base radius 1 and altitude 1, and for each positive integer m let the 
2m + 1 circles Cm be defined, for k = 0, 1, ---, 2m: 


Cim = Sr {(z, y, 2) |2 = k/2m}. 


On each of these 2m + 1 circles let the n equally spaced points P,.,; 
be defined for each positive integer n and for 7 = 0,1, ---,n —1: 


n ’>2m 
Pani = aj+1 (+1) k 
(coe (29 + Ux , sin (29-4 Ue x) if k is odd. 
n n 2m 
For each circle Cym the points Pimj,j = 0,1, ---, 7, are the vertices 


of a regular polygon of n sides. If 0 < & S 2m, each side of the 
polygon with vertices lying on the circle Crm lies above a vertex of the 
polygon in C',-1,m and thus determines a (plane) triangle in space. 
Similarly, if 0 < k < 2m, each side of the polygon in Cyn lies below 
a vertex of the polygon in Cz41,m and thus determines a triangle. It 
is not difficult to see that there are a total of 4mn congruent space 
triangles formed in this way with vertices lying on the given cylinder, 
and a little trigonometry shows that the area of each of these triangles 
is sin (x/n) [(1/4m?) + (1 — cos (x/n))?]/?. The area of the poly- 
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hedron Im, inscribed in S is therefore obtained by multiplying this 
quantity by 4mn. The result can be expressed 


sin (r/n) 


A(Tmn ) = 27 (x/n) 


T 2 
i+ tme(1 -~ cos . 

n 
As m and n— +, the diameters of the triangles approach zero 
and thus, presumably, the areas of the inscribed polyhedra should 
approach a limit, and it is natural to expect that this limit should be 
the number (271)-1 = 27 given by the familiar formula 2zrh for the 
area of the lateral surface of a right circular cylinder, where 7 is the 
base radius and h the altitude. We shall see, however, that the result 
will depend on the relative rates at which m and n increase. 

We observe first that as n — + © the factor preceding the radical 
in the formula for A(Imn,) has the limit 27, and since the radical 
itself is at least as great as 1, any limit that A(IIn.) may have must 
be at least 27. We concentrate our attention now on the quantity 
within the radical and, in fact, on the function 


2 4 9 6 
f(m, n) = mM (1 — es *) wm 2mm 2rm 


n? Alnt ° 6!n® 


We shall consider three cases: 

(t) If m = n, then 

T r On 
f(n,n) = 2n (1 - cos *) = aat vee, 

limnstof(n, n) = 0, and lim,.,. A(Inn) = 2z. 

(i¢) If m = [an?], where the brackets indicate the bracket function 
of Chapter 2, and where 0 < a < +, then 
_ rlan’| _ 2n"[an?] 


f(lan’], n) = an’) (1 — cos =~] ai tt 


lim,++0f(fen’], n) = on, and limy.4.A(IHfan2},,) = 20V/1 + ofa. 
(i272) If m = n°, then 


_4 
f(n',n) = Qn! (1 — cos *) = rn — ony ves, 
lim,i0f(n*, n) = +, and lim,...A(Unin) = +. 
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We conclude that as m and n — + ©, any result, fmite or infinite, 
that is at least equal to 2x7 can be obtained for the limit of A(IImn). 
Although, in general, limm,,+.0 A(Imn) does not exist, we can at least 
say that the lémit mferior exists and that 


lim A(IImn) = 2”. 


m, not 


The example just described is due to H. A. Schwarz (Gesammelte 
Mathematische Abhandlungen, Vol. 2, p. 309 (Berlin, Julius Springer, 
1890.)). It serves to demonstrate that the concept of surface area is 
far more complicated than that of arc length. For a discussion of 
surface area and further references, see [40]. An elementary treatment 
of surface area is given in [84], pp. 610-635. 


8. For two positive numbers ¢ and M,a surface S in three- 
dimensional space such that: | 

(a) Sis homeomorphic to the surface of a sphere, 

(b) The surface area of S exists and is less than e, 

(c) The three-dimensional Lebesgue measure of S exists and 

is greater than M. 

This example is due to A. S. Besicovitch (cf. [7]). The ideas involved 
in this construction are somewhat similar to those involved in the 
construction of a simple arc of positive plane measure (Example 10, 
Chapter 10), but far more complicated and sophisticated. Since an 
ample discussion would require a definition of surface area as well as 
an intricate description of tubular connections among faces of cubes, 
we shall omit the particulars. 

The following discussion points up some interesting aspects of 
Example 8. 

a. There is an analogy between Example 8 and Example 5. In both 
cases, there is more in the sides of the container than in the interior 
of the container. However, the linear measure (length) of the bounding 
curve of Example 5 is infinite whereas the planar measure (surface 
area) of the bounding surface of Example 8 is finite and small. 

b. The familiar relations between the volume of a cube and its 
surface area: volume = 3: edge-surface area, and between the volume 
of a sphere and its surface area: volume = 3-radius-surface area, 
lead one to feel that a closed surface of small area together with the 
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three-dimensional region that it encloses should have small three- 
dimensional measure. Example 8 is a counterexample to this feeling. 

c. A right cylindrical ‘‘can” of finite height and based on a non- 
rectifiable Jordan curve has finite volume (three dimensional measure) 
and infinite surface area. (The can can be filled with paint, but its 
sides cannot be painted.) This example is a weak dual to Example 8. 


9. A plane set of arbitrarily small plane measure within which 
the direction of a line segment of unit length can be reversed 
by means of a continuous motion. 

This example was given in 1928 by A. 8. Besicovitch as a solution 
to a problem posed in 1917 by 8S. Kakeya. (Cf. [5], [6], and [23], and 
for an expository discussion, [8].) 
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Introduction 
A metric space is an ordered pair (X, d), where X is a nonempty 
set and d a real-valued function in X X X such that 
(1) dis strictly positive: 
x€X=>d(z, x) = 0, 
candy €X,r x y=>d(z,y) > 0; 
(iz) the triangle inequality holds: 
z, y,andz € X > d(z,z) S d(y, x) + dy, 2). 
An early consequence of (2) and (772) is 
(477) d is symmetric: 
xandy € X > d(z, y) = dy, 2). 
The function d is called the metric for the metric space (X, d), and 
the number d(z, y) is called the distance between the points x and y. 
If the metric is clear from context, the single letter X may be used 
to represent both a metric space and the set of its points. 
A topological space is an ordered pair (X, 0), where X is a 


nonempty set and 0 is a family of subsets of X such that 


(1) @ € Oand X E€ O, 
(it) © is closed with respect to finite intersections: 


O1,-:°-,;O,€ O=> On --- nO, € 0, 
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where n is an arbitrary positive integer; 
(177) © is closed with respect to arbitrary unions: 


(ACEC ASO € 0) SUDA EO, 
ACA 


where A is an arbitrary nonempty index set. 


The family © is called the topology of the topological space CX, ©) 
and its members are called open sets. The family 0 1s also called 
a topology for the set X. If the family of open sets is clear from 
context, the single letter X may be used to represent both a topological 
space and the set of its points. By finite induction, condition (77) 1s 
equivalent to the same for the special case n = 2. A topological space 
(Y, 3) is a subspace of a topological space (X, 0) iff Y Cc X and 
3 = {YnO]|O € 0}; in this case the topology 3 is said to be induced 
or inherited from 0. 

A set 1s closed iff its complement is open. An open covering of a 
set A is a class of open sets whose union contains A. A set C' is com- 
pact iff every open covering of C’ contains a finite subcovering. A 
Hausdorff space is a topological space such that whenever x and y 
are two distinct points of the space there exist two disjoint open sets 
of which one contains x and one y. In any Hausdorff space every com 
pact set is closed. A point p is a limit point of a set A iff every open 
set containing p contains at least one point of A \ {p}. The closure 
A of a set A is the intersection of all closed sets containing A, and 
consists of all points that are either members of A or limit points of 
A. The closure of any set A is closed. A set A is closed iff it 1s equal 
to its closure: A = A. A locally compact space is a topological 
space such that every point is contained in an open set whose closure 
is compact. 

A base for the topology of a topological space (X, ©) is a subfamily 
G of © having the property that every nonempty member of © is the 
union of a collection of members of G. A neighborhood system for 
a topological space (X, ©) is a collection SW of ordered pairs (v7, NV) 
such that x € N for every (a, N) € OM, and the collection of all N 
such that (2, N) € 9 is a base for 0. An example of a neighborhood 
system is the set of all (2, A) such that x € A and A € G, where S 
is a base for (X, 0). If G is any nonempty family of subsets of a set 
X, then G is a base for some topology © for X iff (2) X is the union of 
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the members of S and (17) whenever G; and G2 are members of § with 
a nonempty intersection, and x € G, n G2, then there exists a member 
G of § such that x € G C Gn Gy. If (2) and (22) hold, the topology 
© generated by G consists of the sets that are unions of members of 
G. A sequence {z,} in a topological space converges to a point z, 
and x is a limit of the sequence {7,}, iff 


V open set O containing +, 3 m€ NM 9 
ne€ X,n > m=z, € O. 


In any Hausdorff space limits of convergent sequences are unique. 

If ©, and 02 are two topologies for the same set X, and if 0; C Os, 
then ©, is said to be weaker than © and 0, is said to be stronger 
than 0:. The weakest of all topologies on X is the trivial topology 
© = {@, X}, and the strongest of all topologies is the discrete 
topology © = 2* consisting of all subsets of X. 

If (X, d) is a metric space and if x € X, then a neighborhood, 
or spherical neighborhood, of x is a set of the form 


fyly € X,d(z, y) < ¢}, 


where € > 0 (z is called the center and « the radius of this spherical 
neighborhood). A spherical neighborhood is sometimes called an open 
ball. The set of all spherical neighborhoods for any metric space 
satisfies the two conditions necessary for the generation of a topology, 
and for this topology, called the topology of the metric space, the 
set of all ordered pairs (x, NV), where N is a spherical neighborhood 
of x, is a neighborhood system. A topological space (X, 0) is metri- 
zable iff there exists a metric d for X such that 0 is the topology of 
the metric space (X, d). A closed ball in a metric space (X, d) isa 
set of the form 
fyly€ X,d(@, y) S ¢}, 

where x € X and e > QO, and is a closed set (z is called the center 
and « the radius). The single unmodified word ball should be con- 
strued as synonymous with closed ball. A set in a metric space is 
bounded iff it is a subset of some ball. If the space (X, d) is bounded, 
then d is called a bounded metric. If the metric spaces (X, d) and 
(X, d*) have the same topology, then d and a* are called equivalent 
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metrics. If (X, d) is any metric space, then d*, defined 


_ x,y) 
@2,y) =77 ie, y)’ 
is a bounded metric equivalent to d; that is, every metrizable space 
can be metrized by a bounded metric. In any finite-dimensional 
Euclidean space with the standard Euclidean metric a set is compact 
iff it is closed and bounded. A sequence {z,} of points in a metric 
space (X, d) is a Cauchy sequence iff 


Ve>0O053 KEND 


mandn€ XN, 


mah dtm 2) <é 


A metric space is complete iff every Cauchy sequence of points in 
the space converges (to a point of the space). A metric space that is 
not complete is incomplete. Such concepts as connected set, totally 
disconnected set, and perfect set are defined exactly as in Euclidean 
spaces (cf. the Introduction, Chapter 10). 

A topological space satisfies the second axiom of countability 
iff there exists a countable base for its topology. A set in a topological 
space is dense iff its closure is equal to the space. A topological space 
is separable iff it contains a countable dense set. A metrizable space 
satisfies the second axiom of countability iff it is separable. 

If (X, ©) and (Y, 3) are topological spaces, and if f is a function 
on X into Y, then f is continuous iff B € 3 => f-! (B) € 0; f is 
open iff A € © => f(A) € 5; f is closed iff A’ € © => (f(A))’ € 35. 
If f is a mapping of a topological space X onto a topological space Y, 
then f is a topological mapping, or a homeomorphism iff f is a 
one-to-one correspondence, and both f and f-! are continuous. 

Let V be an additive group, with members 2, y, z, ---, and let F 
be a field, with members A, p, v, ---. Then V is a vector space or 
linear space over F iff there exists a function (A, x) — Aron F KX V 
into V such that for all \ and » in F and x and y in V: 

(2) Aw + y) = Ax + Wy, 
(i) (A + wx = Ax + pe, 
(vit) A(ux) = (p)z, 


(iv) lx = 2. 
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The points of a vector space are also called vectors. If F is either the 
field G of real numbers or the field C of complex numbers, V is called 
& normed vector space over F iff there exists a real-valued norm 
|| || with the properties, for all z and y in V and) in F: 
@) Jal = Osllzl| = Oiffz = 0, 
7) Je tyl siizi+iyI. 
(viz) [| Ax | = [A |-[| 2]. 
Any normed vector space 1s a metric space with metric d(z, y) = 
|| « — y||. A Banach space is a complete normed vector space. 
For further information on topological spaces and mappings see 
[11], [17], [20], [24], [27], [45], and [50]. For vector spaces in general, 
see [22]. For Banach spaces see [4] and [29]. 


1. A decreasing sequence of nonempty closed and bounded 
sets with empty intersection. 
jz — yl 


In the space ® with the bounded metric d(x, y) = I+]z—-y]’ 


let F, = [n, +), = 1,2, ---. Then each F, 1s closed and bounded, 
and Na F, = Q. 

Since an empty intersection is impossible if the nonempty sets 
are compact, this example is impossible in any finite-dimensional. 
Euclidean space with the standard Euclidean metric. 


2. An incomplete metric space with the discrete topology. 

The space (St, d) of natural numbers with the metric d(m, n) = 
|m — n|/mn has the discrete topology since every one-point set is 
open, but the sequence {n} is a nonconvergent Cauchy sequence. 

This example demonstrates that completeness is not a topological 
property, since the space 9t with the standard metric is both complete 
and discrete. In other words, it is possible for two metric spaces to be 
homeomorphic even though one is complete and one is not. Another 
example of two such spaces consists of the two homeomorphic inter- 
vals (— ©, +) and (0, 1) of which only the first is complete in the 
standard metric of &. 


3. A decreasing sequence of nonempty closed balls in a com- 
plete metric space with empty intersection. 
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In the space (St, d) of natural numbers with the metric 


1+ 


1 
—— if mn, 
am,n) = m+n 


0 if m=n, 
let 


forn = 1, 2, ---. Then {B,,} satisfies the stipulated conditions, and 
the space is complete since every Cauchy sequence is “ultimately 
constant.”’ 

Trivial examples are possible if completeness is omitted — for 
example, {y | |(1/n) — y| < (1/n)} in the space © of positive numbers 
with the standard ® metric. On the other hand, the present example 
is impossible if the complete metric space is a Banach space (cf. [15]). 

This example (cf. [45] (Sierpinsk1)) is of interest in connection with 
Baire’s category theorem (cf. Example 7, Chapter 8, and [1], [4], 
[20], and [27]), which states that every complete metric space is of the 
second category or, equivalently, that any countable intersection of 
dense open sets in a complete metric space is dense. The proof involves 
the construction of a decreasing sequence of closed balls, with radii 
tending toward zero, and having as a consequence a nonempty inter- 
section. We see, then, that if the balls get small they must have a 
point in common, whereas if they do not get small they may have 
nothing in common! 


4, Open and closed balls, O and B, respectively, of the same 
center and radius and such that B + O. 

Let X be any set consisting of more than one point, and let (X, d) 
be the metric space with 


_ji ff cr #y, 
az, v) = {) if c=y. 


Let x be any point of X, and let O and B be the open and closed balls, 
respectively, with center x and radius 1. Then 

0 = {x } ? B=X ) 
and since the topology is discrete, O = O ¥ B. 
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This example is impossible in any normed vector space. (Proof of 
this fact is left as an exercise.) 


5. Closed balls B, and Bo, of radii r; and r, respectively, such 
that B, C B, and rm, > nr. 

Let (X, d) be the metric space consisting of all points (z, y) in the 
closed disk in the Euclidean plane, defined: 


X=i{@,y|e+y¥ S 9}, 
with the standard Euclidean metric. Let B2 = X , and let 
Bi = Ben {(@, y)|(@ — 2)? + y? & 16}. 


Then Bi C Bo, andn = 4>"n = 3. 
This example is impossible in any normed vector space since the 
radius of any ball is half its diameter. (Proof is left as an exercise.) 


6. A topological space X and a subset Y such that the limit 
points of Y do not form a closed set. 

Let X be any set consisting of more than one point, and let the 
topology of X be the trivial topology 0 = {@, X}. If y is an arbitrary 
member of X, let Y = {y}. Then the limit points of Y are all points 
of X except for y itself. That is, the set of limit points is X \ Y, and 
since Y is not open, X \ Y is not closed. 


7. A topological space in which limits of sequences are not 
unique. 

First example: Any space with the trivial topology and consisting 
of more than one point has this property since in this space every 
sequence converges to every point. 

Second example: Let X be an infinite set, and let © consist of @ and 
the complements of finite subsets of X. Then every sequence of 
distinct points of X converges to every member of X. 


8. A separable space with a nonseparable subspace. 


First example: Let (, ©) be the space of real numbers with the 
topology © generated by the base consisting of sets of the form 


fzjuQn@w—e,x+e)), TER e>0, 
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and let (Y, 3) be the subspace of irrational numbers with the discrete 
topology (this 7s a subspace since every one-point set in Y is the 
intersection of Y and a member of ©). Then © is a countable dense 
subset of (R, ©), but (Y, 3) has no countable dense subset. 

Second example: Let (X, ©) be the space of all points (z, y) of the 
Euclidean plane such that y 2 0, and let © be the topology generated 
by the base consisting of sets of the following two types: 


{ (x, y) | [(@ — a)? + (y — 5)*}'? < min @, €)}, 
ace @, b> 0, e> 0, 


{(a,0)} u {(z,y) |(@ — a)? + Y—e)?< 2, GER e>O0. 


Then the set {(z, y)|z € 2, y € Qn O} is a countable dense subset 
of (X, ©), but the space {(z, y)|z € ®, y = 0} with the discrete 
topology is a subspace of (X, ©) with no countable dense subset. 


(CE. [1], p. 29, 5°.) 


9. A separable space not satisfying the second axiom of 
countability. 

Each example under Example 8 satisfies these specifications since 
(1) every space satisfying the second axiom of countability is separable 
and (2) every subspace of a space satisfying the second axiom of count- 
ability also satisfies the second axiom of countability. If either ex- 
ample under Example 8 satisfied the second axiom of countability, 
then the subspace under consideration would be separable. 


10. For a given set, two distinct topologies that have identical 
convergent sequences. 

First ecample: Let (X, ©) be any uncountable space with © con- 
sisting of @ and complements of countable (possibly empty or finite) 
sets. Then the sequence {z,} converges to x iff xz, = zforn > some 
m € Qt. In other words, the convergent sequences are precisely those 
of (X, 3), where 3 is the discrete topology. Finally, 0 ¥ 3. 

Second example: Let X be the set of all ordinal numbers less than 
or equal to 2, where © is the first ordinal that corresponds to an 
uncountable set (cf. [20] and [46]). Let © be generated by the intervals 


[1, B); (a, 8); (a, Q], 
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where a and B € X. Since every countable set in X \ {9} has an 
upper bound in X \ {Q}, no sequence of points in X \ {2} can converge 
to 2. Therefore a sequence in X converges to 02 iff all but a finite 
number of its terms are equal to 2. In other words, the convergent 
sequences in X are the same as those in the topology obtained by 
adjoining to the subspace X \ {9} of X the point Q as an isolated point 
(that is, with {2} a one-point open set of the new space X). 

Third example: (Cf. [4] and [29] for definitions and discussion.) Let 
X be the Banach space i: of real (alternatively, complex) sequences 
x = {xq} such that 02 | zn. | << +, with norm|| z || = D542, | 2, |. 
The strong topology of X is that of the metric space (X, d) with 
d(x, y) = |lz — y|l. 

We now define a second topology for X, called the weak topology, 
in terms of the following neighborhood system: 


+00 
» Anal Yn —_ Zn) 


where (Gm) is a bounded p X + © matrix, 7 € X, ande > O. It 
can be shown that {N.} satisfies the conditions, specified in the 
Introduction, that guarantee the generation of a topological space 
(X, 0). | 

To demonstrate that the strong topology of X is indeed stronger 
than the weak topology we show that every weak neighborhood of a 
point x contains a spherical neighborhood of x This is an easy 
consequence of the triangle inequality for real series: 


<6, m= 1,2,---, p, 
} 


N;z ={u = {yn} 


+00 +00 
D) Anal Ya — Zn) SK-2) |m—ml=K- lly — x |l, 


where K is an upper bound of the set of absolute values of the ele- 
ments of the matrix (Gna). To prove that the strong topology is 
strictly stronger than the weak topology, we shall now show that 
every weak neighborhood 1s unbounded in the metric of the strong topology 
(and hence no weak neighborhood is a subset of any strong neighbor- 
hood). Accordingly, let (aun) be the p X +o matrix for a weak 
neighborhood N,,, let (a, 22, --°, Z2p41) be a nontrivial (p + 1)-dimen- 
sional vector such that 


ptl . 
2) Onn my = 0 for m= 1,2,---,p, 
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and let zp42 = Zpis = --: = O. The vector y(a) = x + az = 
{yn(a)} = {2, + azn} belongs to N, for every real number a: 


+00 +00 
2d, Omn(yn(a@) — In) = a, Onn C2, 


pti 
= aD) dma 2m = 0, m= 1,2,---,p. 


On the other hand, || ya) — 2] = || || = | e|-[| 2], and || z || +0. 

We now turn our attention to sequences of pointsin X. We already 
know that every sequence {x} of points in X that converges to x 
in the strong topology must converge to z in the weak topology. We 
shall now show the converse: If limn...2° = x in the weak topology, 
then litm.+0x” = x in the strong topology. It will then follow that 
the weak and strong topologies of X determine identical convergent 
sequences. 

Assume that there exists a sequence converging to z in the weak 
topology but not in the strong topology. By the linear character of 
the two limit definitions we may assume without loss of generality 
that the limit x is the zero vector 0. Furthermore, if the sequence 
under consideration does not converge to 0 in the strong topology, 
then there must be a subsequence whose norms are bounded from 0. 
If this subsequence is denoted {z‘”}, then there exists a positive 
number é such that 


|x” || = Se 


for m = 1, 2, ---. Since {x} is a subsequence of a sequence con- 
verging weakly to 0, {x} must also converge weakly to 0. If we 
represent 2”: 


(m) (mn) (m) (m) 
Lt = (4 »>R °° * Xn yc), 


then the sequence {xr} is represented by an infinite matrix M each 
row of which corresponds to one of the vectors of the sequence {x‘”’}. 
The next step is to show that since {x} converges to 0 in the weak 
topology, every column of J/ is a real sequence with limit 0; that is, 
the limit asm — + © of the nth coordinate of x, for any fixed 
n=1,2,---,1s80: 


lim z,°” =0 
m-ofo 
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This follows immediately from considering the neighborhood of 0 
given by the matrix (dma) consisting of one row only, with 1 in the 
nth place and 0’s elsewhere. 

We can now define by induction two strictly increasing sequences 


of positive integers, 7m < mz < --: andm < m™ < --- such that 
for7 € IW: | 
ns 4-00 
(a) YS |m™ |<e, Dla”? | <e, 
n=1 n=n 54141 
and consequently 
% 541 
(b) s* | x," | > 3e. 
n=njt1 


Finally, we define the sequence {a,,}: 
={! iff lsen<n, 
on = sgn t,") fntlsns ny, 
for 7 = 1, 2, --- . If No is the neighborhood of the zero vector 0, 
defined by ¢ and the matrix (a,,,) consisting of one row only, made up 
of the terms of {a,}: 

+0 

» Gn Yn| < + 

n=l 


No= {y= ta 
then no point 2” of the subsequence {2°} of {2°} is a member 
of No: 


M541 
> fa," | 


n=nj+1 


ne 
> an ty?) 


n=] 


+00 
> On ta” 
n=] 


+00 
(m;) 


An Im 


n=nz4 +1 
> 3’e-—e—-—e=e. 


But this means that {x} cannot converge to 0. (Contradiction.) 


11. A topological space X, a set A C X, and a limit point of 
A that is not a limit of any sequence in A. 

First example: Let X be the space of the first example under 10, 
preceding, with A any uncountable proper subset of X. Then any 
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point of X \ A is a limit point of A, but since z cannot be a limit of 
a sequence of points of A in the discrete topology, it cannot in the 
topology described in that example. 

Second example: Let X be the space of the second example under 
10, preceding, with A = X \ {Q} in the first topology described in 
that example. Then © is a limit point of A but no sequence in A can 
converge to 2. 

Third example: (Cf. [51], where a similar example is constructed. 
Also cf. [4], [15], [29], and [30] for definitions and discussions.) Let X 
be real (alternatively, complex) sequential Hilbert space |, consisting 
of all sequences z = {zp} of real numbers such that >", 2,2 < +0 
(> 72; | zn |? < ++ in the complex case), and in which there is 
defined an inner product for any two points x = {z,} and y = {yn}: 


+00 $00 
(2, y) = >> LaYn (= In Gn in the complex case) 
n=] n=1 


with the properties, for z, y, and z € lz and A € ® (only the real case 
will be considered henceforth in this example): 
(2) (x + Y, z) = (z, z) + (y, z), 
(ii) (at, y) = AG, y), 
(712) (y, x) = (x, y); 
(v) if | z|| = (x, x)¥2, then || || is.a norm for which J, is a 
Banach space. 
The space X = I, is now made into a topological space (X, ©) by 
means of a neighborhood system, defined somewhat as in the third 
example under Example 10: 


N.= {ylb€B=>|y— 2, }5)| < 4, 


where B is any nonempty finite set of points of X,z € X,ande> 0. 
Let A be the set {2}, where x” is the point whose mth co- 
ordinate is +/m and all other coordinates are equal to 0: 


o™) = (0, 0, -++,0, /m, 0, = 


We shall show first that the zero vector 0 is a limit point of A by 
assuming that the neighborhood of 0, 


No = fy|bE B= |, 5)| < 4, 
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where ¢ > O and B consists of the points bo = {b,(}, --- 9” = 
{b,°”}, contains no point 2. This means that 


Vmen J k€ {1, 2, ---, p} 3 | mbm” | 2 & 


and hence: 


>< k)\2 Ss 2 k)\2 — 
Dd, 2, (bm)? = 2) 2d (bn)? 2 2) — = +2, 
k=] m=] m=] koa] m=1 7 


in contradiction to the assumed convergence of > m= (bm) for 
k= 1,2,---, D. 

Finally, we shall show that no sequence of points of A can converge 
to the zero vector 0. It is easy to show that if 


a a rey oi wee ey 0, 
then the sequence m, mz, --- is unbounded, and we can therefore 
assume without loss of generality that m, < m:,; < --: and 
+0 1 
» —<+. 
j=1 M; 


We conclude by defining a neighborhood Np of 0 in terms of e = 1 
and the set B consisting of the single vector b whose mth coordinate 
is 1/+/m; for 7 = 1, 2, --- and whose other coordinates are all 0. 
Then no point of the sequence {2'"} can belong to Mo since 
(x? b) = 1lforj = 1,2,---. 

Fourth example: A fourth example is given below (Example 12). 

Note that the phenomenon illustrated in the examples of this set 
cannot occur in a metric space, and therefore each of the spaces 
described above is neither metric nor metrizable. 


12. A topological space X whose points are functions, whose 
topology corresponds to pointwise convergence, and which is 
not metrizable. 

Let (X, ©) be the space of all real-valued continuous functions with 
domain (0, 1], and let © be generated by the neighborhood system 


Ns = {g|2 € F>|g(@) — fe) | < 4}, 


where F is a finite nonempty subset of (0, 1], f€ X, and « > 0. 
Clearly, if g. — g, as n — +, in this topology then g,(7) — g(x), 
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as n — + ©, for each x € [0, 1] since F can be taken to be the one- 
point set {x}. On the other hand, if g,(x) — g(x), as n — + ©, for 
each x € (0, 1], then g, — g, as n — +, since for every € > Oand 
finite subset F of (0, 1], 7 can be chosen sufficiently large to ensure 
| gn(x) — g(x) | < © for every x € F. 

Let A be the set of all functions f in X such that: 

(a) c€ (0,1) >0 S$ f(z) 31, 

(b) w({z | f(z) = 1}) 2 3. | 
Then 0 is a limit point of A, but if a sequence {f,} of members of A 
converged to 0 in the topology 0, then {f,(z)} would converge to 0 
for every x € (0, 1], and by the Lebesgue dominated convergence 
theorem, | ofn(xz) dx — 0 as n — +, in contradiction to the 
inequality fofa(xz)dx = 4. By the final remark included with 
Example 11, X is not metrizable. 


13. A mapping of one topological space onto another that is 
continuous but neither open nor closed. 

First example: Let f(x) = e? cos x, with domain and range &, with 
the standard topology. Then f is continuous, but f((— ©, 0)) is not 
open and f({ —nz |n € 9t}) is not closed. 

Second example: Let X be the space & with the discrete topology, 
let Y be the space ® with the standard topology, and let the mapping 
be the identity mapping. 


14. A mapping of one topological space onto another that is 
open and closed but not continuous. 

First example: Let X be the unit circle { (2, y) | xz? + y? = 1} with 
the topology inherited from the standard topology of the plane, let Y 
be the half-open interval [0, 27) with the topology inherited from the 
standard topology of ®, and let the mapping f be (z, y) — 0, where 
x = cos 6, y = sin 6, and 0 S @ < 22. Then f is both open and 
closed since its inverse is continuous, but f is discontinuous at (1, 0). 

Second example: The inverse of the mapping of the second example 
under Example 13. 


15. A mapping of one topological space onto another that is 
closed but neither continuous nor open. 


Let X be the unit circle {(z, y) | x? + y? = 1} with the topology 
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inherited from the standard topology of the plane, let Y be the 
half open interval (0, 7) with the topology inherited from the standard 
topology of ®, and let the mapping f be defined: 


0 if OS 687, 


(os, sin) {9 uio@m~<6< 2r. 


Then f is not open since the open upper semicircle of X maps onto 
a point, and f is not continuous at (1, 0) (ef. the first example under 
Example 14). However f is closed, as we shall now see. Assume that 
f is not closed. Then there is a closed set A of X such that B = f(A) 
is not closed in Y. Therefore there is a sequence {b,} of points of B 
such that b, — 6b, and b ¢€ B. If f(p.) = baz, where p, € A, for 
n = 1, 2, -+-, since A is compact we may assume without loss of 
generality that {p,} converges: p, — p € A. Since f(p,) — b ¥ f(p), 
f is discontinuous at p, and p = (1, 0). But this means that there 
exists a subsequence of {p,} approaching (1, 0) from either the upper 
or the lower semicircle; in the former case 6, — 0 € B, and in the 
latter case {b,} cannot converge in Y. In either case a contradiction 
is obtained, and f is therefore closed. 


16. A mapping of one topological space onto another that is: 
continuous and open but not closed. 

Let (X, ©) be the Euclidean plane with the standard topology, let 
(Y, 3) be ® with the usual topology, and let the mapping be the 
projection P: (x, y) — x. Then P is clearly continuous and open, but 
P({(x, y) | y = 1/x > 0}) is not closed in (Y, 3). 


17. A mapping of one topological space onto another that is 
open but neither continuous nor closed. 

First example: Let X = Y = & with the standard topology and 
let f be the function defined in Example 27, Chapter 8, whose range 
on every nonempty open interval is ®. This function is clearly open 
since the image of every nonempty open set is ®, and it is everywhere 
discontinuous. To show that f is not closed, let x, be a point between 
mand n + 1 such that f(z,) 1s between 1/(n + 1) and 1/n, for 
n = 1,2,---. Then {z,} is closed and {f(x,)} is not. 

Second example: Let (X, ©) be the plane with © consisting of @ 
and complements of countable sets, let (Y, 3) be ® with 3 consisting 
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of @ and complements of finite sets, and let the mapping be the 
projection P : (x, y) — x. Then P is open since any nonempty open 
set in (X, ©) must contain some horizontal line, whose image is &. 
On the other hand, P is not closed since the set of points (n, 0), 
where n € 9, 1s closed in (X, ©), but its image is not closed in 
(Y, 3), and since the inverse image of any open set in (Y, 3) that isa 
proper subset of Y cannot be open in (X, 0), P is not continuous. 


18. A mapping of one topological space onto another that is 
continuous and closed but not open. 

Let X and Y be the closed interval [0, 2] with the usual topology, 
and let 


_ fo tf OS281, 
fey = {9 if l<xS2. 


Then f is clearly continuous, and hence closed since X and Y are 
compact metric spaces. On the other hand, f((0, 1)) is not open in Y. 


19. A topological space X, and a subspace Y in which there 
are two disjoint open sets not obtainable as intersections of Y 
with disjoint open sets of X. 

Let X = XI, the open sets being Y or complements of finite sets, 
andlet Y = {1,2}. Then {1} = Yn (X \ {2}) and {2} = ¥a(X\ {1)), 
so that the subspace topology of Y is discrete. However, the two 
disjoint open sets {1} and {2} of Y are not the intersections of Y 
with disjoint open sets of X since no two nonempty open sets of X 
are disjoint. 


20. Two nonhomeomorphic topological spaces each of which 
is a continuous one-to-one image of the other. 


First ecample: Let X and Y be subspaces of ®, where ® has the 
standard topology, defined: 


+00 
X =U (Gn, 3n + l)u{3n+2}), Y=(X\ {2} u {I}. 
Let the mappings S of X onto Y and T of Y onto X be defined 


: 4y uf y Sl, 
_ jx if «¥2, _jJi_ . 
Se) = (3 if «= 2, r= {b 1 if 3<y <4, 


y—3 Wf y2 5. 
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Then S and T are continuous, one-to-one, and onto mappings. How- 
ever, X and Y are not homeomorphic since under any homeomorphism 
of Y onto X the point 1 of Y can have no correspondent. 


Ds Dy D, A 1 A 2 As A 4 


Figure 12 


Second example: Let X and Y be subsets of the plane, with the 
standard topology, as indicated in Figure 12. The vertical segments 
are of length 2 and are open at the top ends, and the circles are of 
radius 1. The mapping S of X onto Y is defined as follows: The horizon- 
tal line of X is mapped onto the horizontal line of Y, the cirles D, onto 
the circles C41, and the segments A, 2 onto the segments Bay, 
n€ X, by a translation downward in Figure 12, and the segment 
A; is mapped onto the circle Bi by a formula of the type z = sin at, 
y = 1 — cos at, where 0 S ¢ < 2 The segment A; is mapped by 
downward translation onto C;. The mapping T of Y onto X is 
defined as follows: The horizontal line of Y is mapped onto the hori- 
zontal line of X, the circles C,,41 onto the circles D,42, the segments 
B,i1 onto the segments A,, n € I, and the circle B, onto the circle 
D, by a translation upward and to the left in Figure 12, and the 
segment C'; is mapped onto the circle D2. by a formula of the type 
used above. The mappings S and T have the properties claimed. It is 
left as an exercise for the reader to show that the spaces X and Y 
are not homeomorphic. 


21. A decomposition of a three-dimensional Euclidean ball B 
into five disjoint subsets Si, S., S:, Sy, Ss (where S; consists 
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of a single point) and five rigid motions, Ri, Ro, Rz, Ri, Rs 
such that 


B = R,(S)) u R2(S2) = R;(S3) u Ra(S,) u Rs(Ss) 
(where ‘“=” means “is congruent to’’). 


(Cf. references given below.) 


22. For ¢, M > 0, two Euclidean balls B, and By of radius ¢ 
and M respectively, a decomposition of B, into a finite number 
of disjoint subsets Si, S:, --- , S,, and n rigid motions R,, 
R:, ---, R, such that 


By = R,(S:) u R2(S2) vu --- u R,(S,). 


The last two examples are due to the work of Hausdorff, Banach, 
Tarski, von Neumann, and R. Robinson. We shall give only a refer- 
ence where these are discussed in detail. (Cf. [41].) 
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Chapter 13 
Function Spaces 


Introduction 

A function space is a collection of functions having a common 
domain D. It is usually assumed that a function space is endowed 
with some sort of algebraic or topological structure. In this chapter 
we shall focus our attention on the algebraic structures of certain 
spaces of real-valued functions of a real variable whose common 
domain is a fixed interval J. 

A function space S of real-valued functions on an interval J is said 
to be a vector space or a linear space over & (the real-number 
system) iff S is closed with respect to linear combinations with real 
coefficients; that is, iff 


LIES HNHE RPA + WES, 
where the function Af is defined 


Af) (x) = AG). 


It is easy to show that a function space of real-valued functions on an 
interval is a vector space iff it is closed with respect to the two 
operations of addition, f + g, and scalar multiplication, Af. The 
abstract concept of vector space is defined axiomatically in the Intro- 
duction to Chapter 12. (For further discussion cf. [22].) Many of the 
most important classes of functions in analysis are linear spaces over 
® (or over ©, the field of complex numbers, in which case the co- 
efficients \ and wu are arbitrary complex numbers). Examples of 
spaces of real-valued functions that are lmear spaces over ® are: 
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1. All (real valued) functions on an interval J. 2. All bounded functions 
on an interval J. 3. All Riemann-integrable functions on a closed 
interval [a, 6]. 4. All Lebesgue-measurable functions on an interval J. 
5. All Lebesgue-integrable functions on an interval J. 6. All Lebesgue- 
measurable functions on an interval J the pth power of whose absolute 
value is Lebesgue-integrable on J, where p = 1. 7. All continuous 
functions on an interval J. 8. All sectionally continuous functions on 
a closed interval [a, b] (cf. [34], p. 1381). 9. All sectzonally smooth 
functions on a closed interval [a, 6] (cf. [84], p. 1381). 10. All functions 
having kth order derivatives at every point of an interval J for every 
k not exceeding some fixed positive integer n. 11. All functions 
having a continuous kth order derivative on an interval J for every k 
not exceeding some fixed positive integer n. 12. All infinitely differ- 
entiable functions on an interval J. 13. All (algebraic) polynomials on 
an interval J. 14. All (algebraic) polynomials, on an interval J, of 
degree not exceeding some fixed positive integer n. 15. All tragono- 
metric polynomials, on an interval J, having the form 


(1) >> a; cos ix + 6; sin iz, 
7=0 


where n is arbitrary. 16. All trigonometric polynomials of the form 
(1) where n is fixed. 17. All step-functions on a closed interval [a, 5]. 
18. All constant functions on an interval J. 19. All functions satisfying 
a given linear nomogencous differential seen such as 


on an interval J. Nineteen more examples of linear spaces over ® are 
provided by permitting the functions of the preceding spaces to be 
complex-valued functions. 

In spite of the vital role played by linearity in analysis, there are 
several important classes of real-valued functions that do not form 
linear spaces. Some of these are indicated in the first five examples 
below, which can be interpreted as saying that the following spaces 
of real-valued functions on a fixed interval are nonlinear: (2) all 
monotonic functions on [a, 6], (77) all periodic functions on (— «0, + 0) 
(277) all semicontinuous functions on [a, 6], (cv) all functions whose 
squares are Riemann integrable on [a, 6], (v) all functions whose 
Squares are Lebesgue-integrable on [a, }]. 
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A function space S of real-valued functions on an interval J is 
called an algebra over & iff it 1s closed with respect both to linear 
combinations with real coefficients and to products; that is, iff 81 18 & 
linear space over ® and 


fESGgES=SfgeS. 


(As with linear spaces, the abstract concept of algebra is defined by 
means of axioms. Cf. [22], vol. 2, pp. 36, 225.) As a consequence of 
the identity 


(2) fg=20 +9)? —3( — 9)? 


it follows that a function space that is a linear space is an algebra 
iff it is closed with respect to squaring. 

A function space S of real-valued functions on an interval J is 
called a lattice iff it is closed with respect to the formation of the 
two binary operations of jown and meet, defined and denoted: 


join offandg: fvg, (fv g)(z) = max (f(z), g(z)), 
meet offandg: f Ag, (f A g)(t) = min (f(z), g(2)). 


(Again, the abstract concept of lattice is defined axiomatically. 
Cf. (9].) For a given real-valued function f, the two nonnegative 
functions f+ and f— are defined and related to f and its absolute value 
| f | as follows: 


(3) ft=fv 9, f- = (-f) v 9, 

(4) f=f-f, Ifl=f +f, 

(5) fr=aflt+e, ff = 4fl -— +. 

Thanks to these relationships and the additional ones that follow: 
(6) fyvg=—IC--f/) 4 (-o, 

(7) fag=-l(-f) v (-9)) 

(8) fyvg=3F+9)+4lf —agl, 

(9) fag=3h+9) -43f—agl, 


a function space that is a linear space is a lattice iff it is closed with 
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respect to any one of the following five binary or unary operations: 
(10) IV GFA, 
(11) ff fl 

In the preceding list of linear spaces, those that are also both 
algebras and lattices are 1, 2, 3, 4, 7, 8, 17, and 18. Those that are 
neither algebras nor lattices are 14 (cf. Example 6, below), 16, and 19. 
Those that are algebras and not lattices are 9, 10, 11 (cf. Example 7, 
below), 12, 13, and 15. Those that are lattices and not algebras are 5 
(cf. Example 8, below) and 6. 
1. Two monotonic functions whose sum is not monotonic. 


sin z + 2x and sinz — 2x on([—7z, a]. 


2. Two periodic functions whose sum is not periodic. 
sin x and sin az, a irrational, on (— ©, +). 


If sin x + sin ax were periodic with nonzero period p , then the follow- 
ing identities would hold for all real z: 


sin (r + p) + sin (av + ap) = sinz + sin az, 


sin (x + p) — sinz = —[sin (ex + ap) — sin az], 
cos (x + $p) sin ($p) = —cos (at + fap) sin (Zap), 
cos x sin (3p) = —cos (az) sin (Zap). 


If x is set equal to 31, the left-hand side of this last equation vanishes, 
and hence sin ap = 0, and ap isa multiple of 2x . If az is set equal 
to 4x, the right-hand side vanishes and hence sin 4p = 0, and p is 
a multiple of 2x. Since a is irrational this is impossible and the 
desired contradiction has been reached. (Cf. [36], p. 550, Note.) 


3. Two semicontinuous functions whose sum is not semi- 
continuous. 


1 if x > 0, 1 if «> 0, 
f(z) = <2 if «=0, g(x) =1(-2 if x =0, 
—-l1 if r<0, —1l if «<0, 
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then f(x) + g(x) fails to be semicontinuous at z = 0, although f(z) 
is everywhere upper semicontinuous and g(x) is everywhere lower 
semicontinuous. 

More dramatic examples are possible if f and g are functions each 
of which is semicontinuous everywhere but wpper semicontinuous at 
some points and lower semicontinuous at other points. In the following 
examples the notation p/q will indicate a quotient of integers in 
lowest terms, with g > 0, the number 0 being represented 0/1. If 


_ jl if zx = p/q,qodd, _j-1 if zt =p/q,q even, 
I(x) = ‘0 otherwise, ge) = 0 otherwise, 


then 


1 if «= p/q,qodd, 
f(x) + gz) =4-1 if zx = p/g, q even, 
0 if <z is irrational, 
and the function f(z) + g(x) is semicontinuous iff z 1s rational, and 
hence almost nowhere (that is, f + g fails almost everywhere to be 


semicontinuous). 
Now consider the three functions defined as follows: 


4/q if xz = p/q, qodd, 
F(z) =;,—2 — (4/q) if x = p/q, qeven, 
—2 if zis irrational, 


1+ (1/q) if x = p/q, q even, 


—1—(1/q) if x = p/g, qodd, 
G(z) = 
—1 if 21s irrational. 


3+ (1/q) if x = p/g, g even, 
3 if 21s irrational. 


—1—(1/q) if x = p/g, q odd, 
H(z) = 


Then F, G, and H are individually semicontinuous everywhere, while 
their sum, 


—2 + (2/q) if x = p/g, qodd, 
F(z) + G(x) + H(z) = 42 — (2/q) if x = D/Q, q even, 


0 if zis irrational, 


is nowhere semicontinuous 
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4. Two functions whose squares are Riemann-integrable and 
the square of whose sum is not Riemann-integrable. 


If 
f(z) = 1 if gis irrational, 
~ |—1 if ais rational, 
and. 
(2) = 1 if zis algebraic, 
Jt) = —1 if zis transcendental, 
then 


2 if wz is algebraic and irrational, 
0 otherwise. 


f(z) + g(x) = { 


Then f? and g? are constants and hence integrable on every closed 
interval — e.g., on [0, 1] to be specific — while (f + g)? is everywhere 
discontinuous and thus Riemann integrable on no interval, and in 
particular it is not integrable on (0, 1]. 


5. Two functions whose squares are Lebesgue-integrable and 
the square of whose sum is not Lebesgue-integrable. 

Let £; be a nonmeasurable subset of [0, 1] and let EL, be a non- 
measurable subset of [2, 3] (cf. Example 10, Chapter 8). Then let 


1 if x € (0, l]u k,, 
fc) ={-1 if 2 € 2,3]\R, 
0 otherwise, 


and 

1 if 4 0, € (2, 3] U Ey, 

g(x) =4-1 if 2 € (0, 1]\H, 

0 otherwise. 

Then 
_ 2 if x C Ay U Ea, 
f(x) + g@) = ‘0 otherwise. 

Thus since 


1 if wv e€ (0, 1Ju [2, 3], 
O otherwise, 


P(e) = g(a) = { 


V7 


II. Higher Dimensions 


and 


_ 4 if Mv € E, U Es 
(f(z) + 9(2))? = f otherwise, 


the result follows, since £; u £2 is nonmeasurable. 


6. A function space that is a linear space but neither an algebra 
nor a lattice. 

The polynomials cr + d of degree at most 1 on the closed interval 
(0, 1) form a linear space. They do not form an algebra since the 
square of the member z is not a member. They do not form a lattice, 
since although 2z — 1 isa member, | 2x7 — 1 | is not. 


7. A linear function space that is an algebra but not a lattice. 

The set of all functions that are continuously differentiable on 
(0, 1] form an algebra because of the formula (fg)’ = fg’ + fig. 
However, they do not form a lattice. The function 


if x<=0, 
f(z) = {9 gine iff O<zez1 


is continuously differentiable on [0, 1], but its absolute value fails 
to be differentiable at the infinitely many points where f(z) = 
In fact, | f(z) | is not even sectionally smooth. 


8. A linear function space that is a lattice but not an algebra. 

The set of all functions that are Lebesgue-integrable on (0, 1] is a 
linear space and a lattice. However, this space is not an algebra since 
the function 


if «=0, 
Iz) = ‘ais if O<2 <1, 


is a member of the set but its square is not. 


9. Two metrics for the space C((0, 1]) of functions continuous 
on [0, 1] such that the complement of the unit ball in one is 
dense in the unit ball of the other. 

Let p and o be two metrics defined as follows: For J, g € C({0, 1), 
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Af) = A/ [ ix) - ox) f de = lf — 9 Ibs 


o(f,9) = sup f(z) — o(z)| = If — gle 


let 


Let P = {f|o(f, 0) S 1}, > = {f] o(f, 0) S 1} be the unit balls 
in these metrics. Clearly 2 C P. We shall show that the complement 
of 2 is dense in P. Indeed, lett f€ P,O <e< 1. If | fil. > 1, 
then f € = and we need look no further. If || f ||. < 1, let g(x) be 
defined by: 


0 if OS 2s 3 — (e?/9) orif 3+ (c7/9) Sz £1, 
g(x) = <3 if 2 ; 
linear otherwise. 


Then f(x) + g(x) € Zand || f — +9) lle = Il g lle < V/9-(e2/9) =e. 
This last example illustrates an essential distinction between finite- 
dimensional and infinite-dimensional normed linear spaces. In either 
case the closed unit ball is such that any line through the origin (that 
is, all scalar multiples of a fixed nonzero point) meets the unit ball in a 
closed segment having the origin as midpoint. In the finite-dimen- 
sional case the topology is thereby uniquely determined. The present 
example shows that in the infinite-dimensional case this is not true. 
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Special Symbols 


Symbol Meaning Page 
€ (€) is (is not) an element of 3 
c,> is contained in, contains 3 
=> implies, only if 3 
iff if and only if 3 
= if and only if 3 
{a, b,c, -°°} the set consisting of the members 

a,b,c, °°: 3 
{.--|--+-} the set of all --- such that --- 3 
= equal by definition 3 
AuB the union of A and B 3 
AnB the intersection of A and B 3 
AN\B the set of points in A and not in B 3 
A’ the complement of A 4 
QO the empty set 4 
(a, b) ordered pair 4 
AXB Cartesian product 4 
J there exist (s) 4 
3 such that 4 
D,;, Ry domain of f, range of f 4 
fc the function inverse to f 4 
f:A>B ASB  afunctionf>D,;=A,R CB 5 
f(S) fy[de € S3 f(r) = y} 6 
feg composite of fandg ((feg)(z) = f(g(z))) 6 
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Symbol 


,2,>,2 


x 
(a, 6), [a, 5) 

(a, 5}, [a, 5] 

(a, +~),(—~,a)> 
[a, +), (—©, a] 
(—o, + ) 

N(a, 2), D(a, e) 
max (2, y) 

min (2, y) 

inf (A), inf A; 

sup (A), sup 4 


, 
¥ ie a 


TA @MA 


‘<A VRCAR ES 
ns 


Meaning 


field 

group 

positive part of a field 
order symbols 
absolute value of 2 


intervals of an ordered system 


neighborhood, deleted neighborhood 
maximum of z and y 

minimum of z and y 

infimum of A 

supremum of A 

one-to-one correspondence 

the real number system 

signum function 

characteristic function of the set A 
the natural number system 

the field of rational numbers 

ring 

integral domain 

the ring of integers 

for all 

the limit of f(z) atz = a 


the derivative of f(z) atz = a 
@ sequence @), a2, °°: 

a complex number 

the field of complex numbers 

a complex number 

the field of rational functions 
{a + bv/5 a,b € 3} 


m divides n 


union, intersection, of the (countably) 


infinite set of sets A,, Ao, eee 


Symbol 


F(A), I(A), A 
{U4} 

[7] 

lim , lim f(z) 


D(+0, N) 
lim f(x) 
£-p-00 


im f(z) = 


P. 
lim , lim A, 


nto n»+o 


+00 
> an = »» On 
(ts) 
f(z) 
deg P 
o-ring 
A 
C 
r+A 
B 
S 
p<o 
X, (X, S) 
B 


iv 
Hy, bh 

C 

c 

D(A) 

G3, Fos, eee 
rt + A(mod 1] 


Rrra 


Special Symbols 


Meaning Page 
frontier, interior, closure of A 20 
open covering _ 21 
sup {n|n € I, S 2} 21 
limit superior, inferior, of f(z) atz =a 21 
deleted neighborhoods of +0 22 
limits at -— © 22 
infinite limits 22 
F-sigma 30 
limit superior, inferior, of the sequence of 

sets A, , Ae, °°: 51 
infinite series 53 
matrix 64 
nth derivative of f(z) 70 
degree of polynomial P 74 
sigma-ring 83 
class of sets 83 
class of compact sets 83 
translate of A by x 83 
class of Borel (-measurable) sets 83 
o-ring 83 
p absolutely continuous with respect toc 84 
measure space 84 
class of Lebesgue-measurable sets 84 
measure 84 
inner, outer measure 84 
the Cantor set 85 
cardinality of R 86 
difference set (of A) 87 
G-delta, F-sigma delta, - - - 91 
translation (of A y r) modulo 1 92 
{z|z€e,[z|= 93 
{z|z= oc 6,0 <6< 1} 93 
3/30, one-to-one preimage of $ in 3 93 
measure on 3 94 


Special Symbols 


Symbol 


$ 
| Z| 
of FF 


Ox’ Oxdy 


d(A, B) 
d(p, q) 
6(A) 

a 


f 


Vv 


A(S), A(S), 4(S) 
MN 


(X, d) 
d 

d(x, y) 
re) 

(X, 0) 
3 

I 


S 
{Q, X}, 2* 


d*(x, y) 
|---| 
2 


(x, y) 
fyg 
fag 
of 
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Meaning 


the Cantor function 
length of the interval I 


partial derivatives of f 

differential 

vector field 

Euclidean plane 

distance of set A from set B 

distance of the point p from 
the point q 

diameter of the set A 

infinite cardinal 

cardinality of the set of closed sets in 
the plane 

first ordinal of cardinality c 

area, inner area, outer area of S 

net of lines 

metric space 

metric 

distance between the points x and y 

family of open sets, topology 

topological space 

induced topology 

neighborhood system 

base of a topology 

trivial, discrete topologies 

equivalent bounded metric 

norm 

first uncountable ordinal 

inner product of x and y 

join of f and g 

meet of f and g 
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Characteristic function, 10 
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Closed ball, 156 
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Difference set, 87 
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Distributive law, 7 
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Riemann integrable, 42 
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space, 172 

strictly decreasing, 8 

strictly increasing, 8 

strictly monotonic, 8 
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dense, 105 

nonmeasurable, 145 
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Greatest integer function, 21 
Group, 7 
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commutative, 7 
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Half open interval, 9 
Hamel basis, 33 
Harmonic series, 49 
Hausdorff, F., 171 
Hausdorff space, 155 
Have area, 147 
Heine Borel theorem, 21 
Hilbert, D., 34, 133 
Hilbert space, 165 
Homeomorphic, 95 
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Homogeneous, 121 
locally, 121 
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multiplicative, 7 
Incomplete metric space, 157 
Increasing function, 8 
Index set, 155 
Induced topology, 155 
Induction, Fundamental Theorem 
of, 11 
Inductive set, 10 
Inequality, 
Bessel’s, 70 
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Infimum, 10 
Infinite interval, 9 
Infinite limit(s), 22 
Infinite matrix, 64 
Inherited topology, 155 
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Inner measure, 84 
Inner product, 165 
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Integral domain, 11 
Interior, 20 
Interior point, 20 
Intermediate value property, 13 
Intersection, 3 
Interval, 
bounded, 8 
closed, 9 
finite, 8 
half-closed, 9 
half-open, 9 
infinite, 9 
open, 9 
open and closed, 9 
unbounded, 9 
Inverse, 
additive, 7 
multiplicative, 7 
Isomorphic, 10 


Join, 174 
Jordan curve theorem, 129 
Jordan region, 129 
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commutative, 6, 7 
distributive, 7 
of the mean, 19, 39 
Laws, de Morgan, 91 
Least upper bound, 9 
Lebesgue, H., 31 
Lebesgue integrable, 72 
Lebesgue measurable, 173 
Lebesgue-Stieltjes integral, 109 
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Limit, 12, 156 
inferior, 21 
of sets, 51 
point, 12, 155 
of a sequence, 48 
of asequence, 138, 156 
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of sets, 51 
Limits, 
infinite, 22 
subsequential, 48 
Linear function, 33 
Linear space, 157, 172 
Locally bounded, 22 
at a point, 22 
Locally compact, 155 
Locally exact differential, 125 
Locally homogeneous, 121 
Lower bound, 10 
Lower semicontinuous function, 22 
Luxembourg, W. A. J., 105 


M test, 22 
Maclaurin series, 53 
Mapping, 
closed, 130 
continuous, 157 
open, 1380 
Matrix, 
infinite, 64 
Toeplitz, 65 
Maximality principle, 85 
Mazurkiewicz, 8., 144 
Mean convergence, 110 
Measure, 83 
absolutely continuous, 84 
inner, 84 
outer, 84 
Measure space, 84 
Measure zero, 42 
Meet, 174 
Member of a set, 3 
Mertens’s theorem, 61 
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Metric, 154 
Metric space, 154 
complete, 157 
incomplete, 157 
Metrics, equivalent, 156, 157 
Metrizable, 156 
Minimum closed disk, 130 
Monotonic function, 8 
Moore Osgood theorem, 119 
Motion, rigid, 171 
Multiplication, 6, 11, 13 
Multiplicative identity, 7 
Multiplicative inverse, 7 


Natural number, 10 
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spherical, 156 

system, 155 
Non Archimedean, 15 
Nonempty set, 4 
Non Jordan region, 130 
Nonmeasurable function, 109 
Nonmeasurable graph, 145 
Nonmeasurable set, 92 
Nonnegative extended real valued 

function, 83 

Nonnegative series, 53 
Norm, 158 
Normed vector space, 158 
Nowhere dense set, 85 


Null set, 84 
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cardinal, 142 
complex, 13 
natural, 10 
ordinal, 143 
real, 10 
One, 7 


One to one correspondence, 4 
One to-one function, 4 

Open ball, 156 

Open and closed interval, 9 
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Open covering, 21, 155 
Open disk, 129 
Open interval, 9 
Open mapping, 130, 157 
Open set, 20, 155 
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on a set to a set, 6 
unary, 175 
Ordered field, 7 
Cauchy-complete, 17 
Ordinal number, 143 
Osgood, W. F., 138 
Moore-Osgood theorem, 119 
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Outer measure, 84 
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Partial derivative(s), 115 
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with period p, 21 
Plane, 128 

circuit, 132 

Euclidean, 128 

punctured, 126 
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frontier, 20 

interior, 20 

limit, 12, 155 
Point(s), 3 

of condensation, 94 
Polygon, inscribed, 129 
Polynomial function, 15 
Positive, 8 
Positive series, 53 
Potential, vector, 126 
Power series, 68 
Prime, 17 
Primitive, 42 
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Cartesian, 4 

inner, 165 
Punctured plane, 126 


Quantifier, 
existential, 4 
universal, 12 


Radius, 156 
Radon-Nikodym theorem, 112 
Range of a function, 4 
Ratio test, 59 
Rational function, 15 
Rational number, 11 
Real number, 10 
Real number system, 10 
Real-valued function, 10 
Reciprocal, 7 
Rectifiable, 129 
Region, 115, 129 

Jordan, 129 

non-Jordan, 130 
Relation, 4 
Restriction of a function, 6 


Riemann derangement theorem, 55 


Riemann-integrable, 42 
Riemann-integral, 42 
Riemann-Stieltjes integral, 42 
Rigid motion, 171 

Ring, 11 

Robinson, R., 171 

Rolle’s theorem, 19 

Root test, 60 
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Second axiom of countability, 157 


Second category, 90 
Semicontinuous function, 22 
Separable, 157 
Separated, 129 
Sequence, 13 

Cauchy, 13 

convergent, 13 


divergent, 13 
Series, 
Cauchy product, 61 
conditionally convergent, 54 
convergent, 53 
divergent, 53 
domination of, 54 
Fourier, 70 
harmonic, 54 
Maclaurin, 53 
nonnegative, 53 
positive, 53 
power, 68 
sum of, 53 
trigonometric, 70 
Set, 3 
closed, 20, 155 
compact, 21, 155 
countable, 21 
empty, 4 
index, 155 
inductive, 10 
member of a, 3 
nonempty, 4 
nowhere dense, 85 
open, 20, 155 
“thin”? connected, 131 
totally disconnected, 129 
Sets closed under translations, 83 
Sierpinski, W., 55, 75, 142, 159 
Sigma ring, 83 
generated, 83 
Signum function, 10 
Simple arc, 129 
Simple closed curve, 129 
Simply connected, 126 
Space, 
Banach, 158 
complete metric, 157 
function, 172 
Hausdorff, 155 
Hilbert, 165 
incomplete metric, 157 
linear, 157, 172 
locally compact, 155 
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metric, 154 
normed vector, 158 
topological, 154 
vector, 157, 172 
Space filling arc, 1383 
Spherical neighborhood, 156 
Stokes’s theorem, 127 
Stone Weierstrass theorem, 74 
Strictly decreasing, 8 
Strictly increasing, 8 
Strictly monotonic, 8 
Strong topology, 162 
Stronger topology, 156 
Subsequential limit, 48 
Subset, 3 
Subtraction, 7 
Sum of a convergent series, 53 
Supremum, 9 
Surface area, 150, 152 


Tarski, A., 171 
Term of a sequence, 13 
Ternary expansions, 86 
Test, 

ratio, 59 

root, 60 
Thin, 131 
Toeplitz, O., 65 
Toeplitz matrix, 64 
Topological group, 94 
Topological mapping, 98, 157 
Topological space, 154 
Topology, 155 

discrete, 156 

generated, 156 

induced, 155 

inherited, 155 

strong, 162 

stronger, 156 

trivial, 156 

weak, 162 

weaker, 156 
Totally disconnected, 129 
Transcendental function, 25 
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Transform, 64 Value, 

Fourier, 72 absolute, 8 
Translate, 83 Cauchy principal, 45 
Translation-invariant, 84 Values of a function, 4 
Translation modulo 1, 92 van der Waerden, B. L., 39 
Triangle inequality, 8 Vector field, 126 
Trigonometric series, 70 Vector potential, 126 
Trivial topology, 156 Vector space, 157, 172 

normed, 158 


Unary operation, 175 Vector(s), 158 
Unbounded interval, 9 von Neumann, J., 171 


Uniformly continuous function, 12 Weak topology, 162 
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Union, 3 , Weierstrass, K. W. T., 39 
Unique factorization domain, 17 M test. 22 

Unit, 17 Stone Weierstrass theorem, 74 
Unity, 7 . Well ordering theorem, 85 
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Universe of discourse, 4 Zaanen, A. C., 105 

Upper bound, 9 Zero, 7 


Upper semicontinuous function, 22 Zorn’s lemma, 85 
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Lounterexamples 
in Analysis 


Bernard R. Gelbaum 
and John M. H. Olmsted 


Most mathematical examples illustrate the truth of a statement: 
counterexamples demonstrate the falsity of a statement. These 
counterexamples, arranged according to difficulty or sophistication, 
deal mostly with the part of analysis known as “real variables.” starting 
at the level of calculus. 


The first half of the book concerns functions of a real variable: topics 
include the real number system, functions and limits, differentiation, 
Riemann integration, sequences, infinite series, uniform convergence, 
and sets and measure on the real axis. The second half, encompassing 
higher dimensions, examines functions of two variables, plane sets, 
area, metric and topological spaces, and function spaces. 


Each chapter begins with an introduction that determines notation, 
terminology, and definitions, in addition to offering statements of 
some of the more important relevant theorems. This volume corttains 
much that will prove suitable for students who have not yet completed 
a first course in calculus, and ample material of interest to more 
advanced students of analysis as well as graduate students. 
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